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Preface

Spin glasses have become a paradigm for highly complex disordered systems.
In the 1960’ies, certain magnetic alloys were found to have rather anomalous
magnetic and thermal properties that seemed to indicate the existence of a
new kind of phase transition, clearly distinct from conventional ferromag-
netic materials. The origin of these anomalies was soon deemed to lie in two
features: the presence of competing signs in the two-body interactions, and
the disorder in the positions of the magnetic atoms in the alloy. This has
led to the modelling of such materials in the form of spin-systems with ran-
dom interactions. In the 1970ies, two principle models were proposed: the
Edwards-Anderson model, which is a lattice spin system with random nearest
neighbor interactions and as such is the randomized version of the classical
Ising model; and the Sherrington-Kirkpatrick model, proposed as a mean field
model, where all spins interact with each other on equal footing, which is a ran-
domized version of the Curie-Weiss model. The SK-model was clearly intended
to provide a simple, solvable caricature of the Edwards-Anderson model, that
should give some insights into the nature of the spin glass transitions, just as
the Curie-Weiss model allows a partial understanding of ferromagnetic phase
transitions. The remarkable interest that the spin glass problem has received
is largely due to the fact that neither of the two models turned out to be easily
tractable. The Sherrington-Kirkpatrick model was solved on a heuristic level
through the remarkable “replica symmetry breaking” ansatz of Parisi, which
not only involved rather unconventional mathematical concepts, but also ex-
hibited that the thermodynamic limit of this model should be described by an
extraordinarily complex structure. The short-range Edwards Anderson model
has been even more elusive, and beyond some rather rudimentary rigorous
results, most of our insight into the model is based on numerical simulations,
which in themselves prove to be a highly challenging task.

Mathematicians became interested in this problem in the late 1980ies, but
on a larger scale in the 1990ies, starting with work of Pastur and Shcherbina,
and the systematic programmes initiated by Guerra on the one hand and
Talagrand on the other. In 1996 a workshop in Berlin brought together the
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leading experts in the field. The state of the art at that time is to a large
extend documented in the volume “Mathematical Aspects of Spin Glasses and
Neural Networks”, edited by A. Bovier and P. Picco (Birkhäuser, 1997). Since
then, the progress made in the field has exceeded all expectations. Even as we
began planning for a new workshop on the mathematics of spin glasses that
was finally held at the Centro Stefano Franscini on the Monte Verità, we did
not anticipate that he timing of the event would allow to present for the first
time some ground breaking progress. In 2002, Francesco Guerra published an
upper bound on the free energy of the SK model that coincided with the Parisi
solution. This was the first time that this remarkable construction was to be
related to a mathematically rigorous result. Less than a year later, Michel
Talagrand announced that he could prove the corresponding lower bound,
thus establishing the Parisi solution in a fully rigorous manner.

The Monte Verità meeting thus fell into a most exciting period. It was
attended by most of the leading experts on spin glasses, including David Sher-
rington, Giorgio Parisi, Francesco Guerra, Michel Talagrand, Michael Aizen-
man, Chuck Newman, and Daniel Stein, to name a few. Besides the reports on
the progress mentioned above, the participants and invited speakers reported
on a wealth of interesting new results around spin glasses, both on the static
and dynamic aspect. As a result we decided to collect a number of invited
review papers to document the state of the art in spin glass theory today. The
result of this is the present book. It contains a general introduction to the
spin glass problem, written by E. Bolthausen, that will serve in particular as
a pedagogical guide to the description of the nature of the Parisi solution and
the derivation of Guerra’s bound in the formulation of Aizenman, Sims, and
Star. A. Bovier and I. Kurkova shed light on the Parisi solution from another
angle by deriving and describing the asymptotics of the Gibbs measure in
another class of spin glass models, the Generalized Random Energy models,
in full detail. D. Sherrington gives an account of the history of the spin glass
problem from a more physical perspective. M. Talagrand’s contribution is a
pedagogical presentation of his celebrated proof of the validity of the Parisi
solution. Two articles by Ch. Newman and D. Stein discuss the latest devel-
opments in the ongoing dispute on the question, whether the predictions of
the mean field Sherrington-Kirkpatrick model have any implications for the
behavior of short range spin glasses. Finally, A. Guionnet gives an account
of what has been achieved in the understanding of another outstanding issue
about spin glasses, namely their non-equilibrium properties.

We hope that this volume will serve as a reference handbook for anyone
wanting to get an idea of where we are in the theory of spin glasses, and what
this subject is all about.

Erwin Bolthausen
Anton Bovier
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Random Media and Spin Glasses:
An Introduction into Some Mathematical
Results and Problems

Erwin Bolthausen

Mathematics Institute, University of Zürich
Winterthurerstraße 190, 8057 Zürich, Switzerland
e-mail: eb@math.unnizh.ch

1 Introduction

No materials in the history of solid state physics have been as intriguing and
perplexing than certain alloys of ferromagnets and conductors, such as AuFe
or CuMg, known as spin glasses. The attempts to model these systems have led
to a class of disordered spin systems whose mathematical analysis has proven
to be among the most fascinating fields of statistical mechanics over the last
25 years. Even the seemingly most simple model class, the mean-field models
introduced by Sherrington and Kirkpatrick [1] now known as SK-models
have proven to represent an amazingly rich structure that is mathematically
extraordinarily hard to grasp. Theoretical physics has produced an astound-
ing solution describing the thermodynamics properties of these models that
is based on ad hoc constructions (so-called “replica symmetry breaking” [2])
that so far have largely resisted attempts to be given a concrete mathemati-
cal sense. From a purely mathematical point of view, the problem posed here
represents a canonical problem in the theory of stochastic processes in high
dimensions and as such the interest in it transcends largely the original phys-
ical question. The fact that the heuristic approach of theoretical physics, if
given a clear mathematical meaning, would give a totally new and powerful
tool for the analysis of such questions is the reason why there has been a
strong upsurge in interest from within the mathematical, and in particular
probabilistic community in this and related problems. Moreover, the same
types of mathematical problems arise in many areas of applications that are
of great current interest. For example, heuristic methods of statistical mechan-
ics make powerful prediction concerning numerous problems of combinatorial
optimization, computer science, and information technology.

For a long time progress on mathematically rigorous results in this
field have been extremely limited, but over the last years the situation has
changed considerably due to the results of Bovier, Comets, Derrida, Gayrard,
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Newman, Pastur, Picco, Shcherbina, Stein, Talagrand, and Toninelli, for
instance. Michel Talagrand has developed in a systematic way an induc-
tion technique known as the “cavity method” as a tool to analyze in a
rigorous way random Gibbs measures. This has allowed him to confirm pre-
dictions made by the heuristic “replica method” mostly in domains where the
so-called replica-symmetric solution is predicted to hold; in mathematical
terms, this corresponds to situations where the Gibbs measure is asymp-
totically a (random) product measure. The cavity method then allows to pre-
cisely compute the corresponding parameters. Interestingly, the method can
also be applied in some situations where the Gibbs measure is a nontrivial
mixture of product measures (“one-step replica symmetry breaking”), such
as the p-spin Sherrington–Kirkpatrick model. Much of this can be found in
Talagrand’s book [3].

Another discovery was made by Guerra and Ghirlanda. This concerns a set
of recursive relations between so-called multioverlap distributions. In certain
cases it could be shown that they determine a universal structure in the Gibbs
measures of these systems. In particular, these identities proved crucial in the
work of Talagrand on the p-spin models, and in recent work of Bovier and
Kurkova who used them to prove convergence and describe the limit of the
Gibbs measures in a class of models introduced by Derrida, the so-called
generalized random energy models.

The most spectacular successes recently, initiated by Francesco Guerra,
are coming from interpolation techniques between different processes. Such
methods are in principle well established in the analysis of Gaussian processes.
Nonetheless, their judicious use has led to very remarkable results: Guerra and
Toninelli [4] used them to prove the existence of the limit of the free energy
in the SK (and many similar) models. A bit later, Guerra [5] has been able
to prove that the predicted expression for the free energy of the SK-model
from replica theory is at least a lower bound, and finally, Talagrand [6] has
been able to refine the technique and combine it with his cavity method to
control the error in Guerra’s bound, and in this way he proved the Parisi
formula [7] in the full temperature regime of the SK-model. Despite of these
successes, there still remain many open problems, and it is perhaps fair to say
that even the SK-model, where the Parisi formula has now been proved, is
still very poorly understood. For instance, an understanding of the so-called
ultrametricity is completely lacking, although it is at the very heart of the
physics theory of the model. Even more importantly, there are many models
where interpolation techniques had been far less successful, and where our
understanding is till restricted to the part of the parameter space outside the
spin glass phase.

In a second development, the analysis of the stochastic dynamics of highly
disordered model is starting to make progress. Important contributions are due
to Ben Arous and Guionnet and Grunwald, who derived asymptotic dynamics
in Langevin and Glauber dynamics of the SK-model. Spin glass dynamics
is supposed to have so-called “aging” which means that the systems react
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slower the older it gets. There are mathematically precise descriptions of this
behavior which, however, have not yet been proved for the SK-model, but for
simpler models there has been a lot of progress, recently (see the paper of
Alice Guionnet in this volume).

In this introductory notes, I will give an overview for some of the develop-
ments, but I will mainly focus on mathematical results, and on results which
are developed later in other contributions in this volume in more details.

For an overview over recent developments and perspectives in physics, see
the article of Sherrington [8] in this volume. A topic which I leave out in this
introduction is short-range spin glass models. This is presently still quite a
controversial subject, even in the physics literature. In recent years, Newman
and Stein [9, 10] have obtained results.

The focus given here in my introductory notes is on the mean-field model,
and in particular on the recent mathematical developments around Guerra’s
interpolation technique (Sects. 4.1 and 5.3), the Talagrand’s version of the
cavity method in Sect. 4.2, and the random energy models in Sect. 5. For more
on this subject, see the article by Bovier and Kurkova [11]. For a more in depth
overview of Talagrand’s application of the Guerra interpolation to SK, and
its combination with the cavity method, see his article in this volume [12].
A topic I only shortly mention here is the dynamical behavior of spin glasses
which is presented in much more depth by Guionnet [13].

2 The Basic Mathematical Models

The usual lattice spin–models of (nonrandom) Ising type are defined as follows.
Consider a finite set Λ, and let ΣΛ

def= {−1, 1}Λ
. Let further A = (aij)i,j∈Λ be

a real symmetric matrix, and h = (hi)i∈Λ be a real vector. The Hamiltonian
with these parameters is the mapping HA,h : ΣΛ → R defined by

−HA,h (σ) def=
1
2

∑

i,j∈Λ

aijσiσj +
∑

i∈Λ

hiσi,

and the Gibbs measure GA,h on ΣΛ is defined by

GΛ,A,h (σ) def=
1

ZΛ,A,h
exp [−HA,h (σ)] , (2.1)

where of course
ZΛ,A,h

def=
∑

σ
exp [−HA,h (σ)] (2.2)

is the so-called partition function, the normalizing factor in order that the
Gibbs distribution is a probability distribution. (In the physics literature,
one takes the Hamiltonian with a minus sign, so I keep with this tradition,
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although it is mathematically a bit annoying.) Of great importance is the
(finite volume) free energy, defined by

FΛ (A,h) =
1
|Λ| log ZΛ,A,h. (2.3)

The importance of this quantity is coming from the fact that most of the
physical interesting quantities can be expressed through it, like mean magne-
tization, entropy, etc. For instance

∂

∂hj
FΛ (A,h) =

1
|Λ|
∑

σ
σjGΛ,A,h (σ) ,

and summing over j ∈ Λ gives the mean magnetization under the Gibbs
measure.

As for a finite set Λ, detailed properties of such models are usually impos-
sible to describe, one usually tries to perform the “thermodynamic limit.” For
instance, if Λ ⊂ Z

d, one can usually prove that the limiting free energy

f (A,h) def= lim
Λ↑Zd

FΛ (A,h)

exists, provided the Λ approach Z
d in a not too nasty way, and A and h are

defined on the whole of Z
d.

The best known example is the Ising model where Λ is a finite (large) box
in Z

d, and

aij
def=

{
β |i − j| = 1
0 otherwise

,

β the so-called inverse temperature.
Short-range models are usually rather difficult to analyze, and often a

qualitatively good approximation is obtained from mean-field models where
every spin interacts with any other one on equal footing. The simplest mean-
field model is the Curie–Weiss model. Here

aij
def= β/ |Λ| , ∀i, j ∈ Λ.

In that case one has with N
def= |Λ|

1
2

∑
i,j∈Λ

aijσiσj =
β

2N

{∑
i∈Λ

σi

}2

,

and anything one wants to know can be derived from the Stirling approxima-
tion, and it becomes an easy exercise in elementary probability. If k has the
same parity as N, then
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#
{

σ :
∑

i∈Λ
σi = k

}
=

N !
((N + k) /2)! ((N − k) /2)!

�
(

N

(N + k) /2

)(N+k)/2(
N

(N − k) /2

)(N−k)/2

=2N exp

[
−N

(
1 + k

N

2
log (1 + k/N)

+
1 − k

N

2
log
(

1 − k

N

))]
.

From that one sees by a simple Laplace approximation that for constant
hi = h, one has that the limiting free energy of the Curie–Weiss model is
given by

f (β, h) = log 2 + sup
t∈[−1,1]

[
βt2

2
+ h − 1 + t

2
log (1 + t) +

1 − t

2
log (1 − t)

]
.

In order to appreciate the simplification obtained by the mean-field ansatz,
one has to compare that with the tremendously more difficult analysis in the
ordinary Ising model as they can be found in standard textbooks, see, e.g., [14].
One aspect, one has however to keep in mind, is that for mean-field models
it is difficult to talk about limiting Gibbs measures, “pure states,” and the
like. This aspect seems to have played a considerable role in the discussions
and controversies whether mean-field spin glasses share some properties with
short-range spin glasses. As I am not very knowledgeable on this subject, I do
not want to comment about this issue, and rather advise the reader to read
the contributions of Newman and Stein in this volume.

Spin glasses are models where the interactions are “disordered,” which
typically means that they are obtained as a random object. A topic which is
still very poorly understood is the case of short-range random interactions, for
instance when Λ = {−n, . . . , n}d

, and the aij are independent Gaussians for
|i − j| = 1, and 0 otherwise. This is the Edwards–Anderson model on which
there are ongoing controversial discussions in the physics community, the more
so as it is very difficult to simulate it on computers with a reasonably large
box and in interesting dimensions. One of the key issues is the presence of so-
called “frustrations.” This means that for three sites i, j, k, the interactions
between i and j and between j and k may be positive, but between i and
k negative. In particular, in contrast to the Ising model, spin glasses usually
do not satisfy any of the well-known correlation inequalities, like the FKG
inequality.

The situation is considerably better understood for the random field Ising
model, where the interactions aij are the same as for the Ising model, but
where the hi are independent Gaussian random variables. On this, there are
now classical results [15, 16], but we will not enter into this subject in this
volume.
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3 The Sherrington–Kirkpatrick Model

The Sherrington–Kirkpatrick model has the “mean-field” random Hamiltonian

−HN,β,h,ω
def= βXn,ω (σ) + h

N∑

i=1

σi,

where
Xn,ω (σ) def=

1√
N

∑

1≤i<j≤N

Jij (ω)σiσj ,

and the Jij are independent standard Gaussian random variables, defined on
some probability space (Ω,F , P). (I will constantly use P for the probability
measure governing the disorder, with E as the corresponding expectation.)
We will often drop ω and N in such expressions. One first observes that
the 1/

√
N -normalization is the right one in order to catch the “spirit” of a

mean-field interaction: The total influence of the spins σj , j �= i, on the ith
spin is

1√
N

∑

j>i

Jijσj +
1√
N

∑

j<i

Jjiσj

which is of order 1.
Remark that for any σ, XN (σ) is a random variable, and indeed a centered

Gaussian one. The covariances are given by

E (HN (σ)HN (σ′)) =
1
N

∑

1≤i<j≤N

σiσjσ
′
iσ

′
j =

1
2N

N∑

i,j=1

σiσjσ
′
iσ

′
j −

1
2

=
N

2

(
1
N

∑N

i=1
σiσ

′
i

)2

− 1
2
. (3.1)

The quantity in brackets is the so-called overlap of the two spin configurations

RN (σ, σ′) def=
1
N

∑N

i=1
σiσ

′
i.

The (random) Gibbs distribution GN,β,h,ω, the partition function ZN,β,h,ω,
and the (finite N) free energy FN,β,h,ω are defined as in (2.1)–(2.3).

There exist also variants where h is a random variable or where h
∑N

i=1 σi

is replaced by
∑N

i=1 hiσi, where the hi are random variables, e.g., hi = γgi+h,
γ > 0, h ∈ R, and the gi again being independent standard Gaussian random
variables. This generalization is actually important, because the more general
version appears naturally in the interpolation scheme invented by Guerra (see
Sect. 4.1).

The free energy FN is still a random variable, and we write

fN (β, h) def= EFN,β,h,
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the so-called “quenched” free energy. Sometimes, “quenched” refers to the
random quantity only, but there is not much difference, as we will explain.
In contrast, the so-called “annealed” free energy is obtained by taking the
expectation inside the logarithm. By Jensens’s inequality, fN is dominated
by the annealed free energy.

The model is evidently closely connected with questions probabilists
have been interested in for a long time, namely maxima (or minima) of
(Gaussian) random vectors. For instance, limβ→∞ (1/β) log ZN,β,0 is simply
maxσ HN (σ) , which is just the maximum of a family of correlated Gaussians
with a simple covariance structure. Probabilists have developed methods to
investigate such questions for a long time, e.g., Dudley, Fernique, Talagrand,
and many others. It is not difficult to see that maxσ HN (σ) is of order N and
to prove that there are constants 0 < C1 < C2 satisfying

lim
N→∞

P

(
C1N ≤ max

σ
HN (σ) ≤ C2N

)
= 1.

However, the standard probabilistic techniques cannot derive the exact con-
stant, which the Parisi theory does, revealing a marvelous mathematical struc-
ture behind which is still very poorly understood, to this day.

3.1 Basic Properties of the SK-Model

The first question one typically answers is the existence of the free energy in
the thermodynamical limit (here just N → ∞). It is, however, not at all clear
that the free energy

lim
N→∞

FN (β, h)

exists. In principle, even if the limit exists, it could be a random variable.
This possibility is, however, ruled out by Gaussian concentration inequalities.
One says that the free energy is “self-averaging,” meaning that no randomness
remains in the N → ∞ limit. For a proof of the following inequality, see for
instance [17].

Proposition 3.1. Let γn be the standard Gaussian distribution on R
n. Let

f : R
n → R be a Lipshitz continuous function with Lipshitz constant 1. Then

for any u > 0

γn

(
f >

∫
fdγn + u

)
≤ exp

[
−u2/2

]
.

If we apply this inequality to FN (β, h) , regarded as a function of the
standard Gaussian vector (Jij)1≤i<j≤N , then one gets

P

(∣∣∣∣
1
N

log ZN,β,h − 1
N

E log ZN,β,h

∣∣∣∣ ≥ N−1/4

)
≤ 2 exp

[
−N1/2

β2

]
.

It is therefore clear that instead of investigating limN→∞ FN (β, h) , one can
as well investigate the nonrandom object limN→∞ fN (β, h) . The existence of
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this limit had been open for a long time, until Guerra and Toninelli [4] found
a very nice, and not so obvious superadditivity property

E log ZN1+N2 ≥ E log ZN1 + E log ZN2 , (3.2)

from which one easily derives that

f (β, h) = lim
N→∞

fN (β, h)

exists.
For the SK-model, the inequality came somewhat as a surprise. The proof

is by a simple but very clever interpolation scheme which interpolates between
the (N1 + N2) system and the two independent smaller systems. Such interpo-
lation schemes are at the very base of the recent progress in the understanding
of the SK-model, as we will see later.

There are many quantities in the SK-model which are not self-averaging in
the N → ∞ limit, i.e., which stay random (or at least are believed to be so).
An example is the overlap of two independent “replicas.” Take σ, σ′ to be two
independent realizations under GN,β,h,ω for a fixed ω, and calculate RN (σ, σ′) ,
and then take the Gibbs expectation. This is still a random variable (being
a function of the interaction strengths). For small β, these random variables
have a nonrandom limit for N → ∞, but the limit stays random for large β.
The case h = 0 has some evident symmetry properties which make life easier,
particularly in the high-temperature region.

For h = 0 and small enough β, the (“quenched”) free energy equals the
“annealed” free energy, a fact first proved in [18,19].

Theorem 3.2. For h = 0, and β ≤ 1, one has

f (β) = lim
N→∞

1
N

log EZN,β =
β2

4
+ log 2. (3.3)

The second equation is evident

EZN,β =
∑

σ
E exp [βHN (σ)] =

∑
σ

exp
[
β2

2
var (HN (σ))

]

= 2N exp
[
β2

2
var (HN (σ))

]
= 2N exp

[
β2

2

(
N

2
− 1

2

)]

from which the claim follows. The somewhat astonishing fact is that one can
interchange the expectation with the logarithm. Of course, by Jensen, one
always has

E log ZN,β ≤ log EZN,β , (3.4)

and therefore f (β) ≤ β2/4 + log 2. We will indeed show later that f (β) <
β2/4 + log 2 for β > 1. The proof of the above result is surprising simple
and can be done by a second moment computation, proving that EZ2 ≤
const× (EZ)2 for β < 1. This second moment estimate is easy
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EZ2 =
∑

σ,τ

E exp
[

β√
N

∑
i<j

Jij (σiσj + τiτj)
]

= exp
[
β2N

2

]∑

σ,τ

exp
[
β2

N

∑
i<j

σiσjτiτj

]

= (EZ)2
[
2−N

∑
σ

exp

[
β2N

2

(
1
N

∑
i
σi

)2

− β2

2

]]
,

and the part in brackets is bounded for β < 1, by a simple Curie–Weiss coin
tossing computation. Together with Gaussian isoperimetry (Proposition 3.1.),
this proves (3.3). The original proofs in [18], and [19] were more complicated,
but they derived also a much more detailed picture of the remaining fluctua-
tions of log ZN .

There are other models like directed polymers for which one can prove
that the quenched free energy equals the annealed one in certain regions, but
typically, this is not possible by a simple second moment method in the full
region where it is true. The fact that a second moment computation gives the
result in the SK-model up to the correct critical value (for h = 0) is rather
surprising. For h �= 0, “quenched = annealed” is never true, which reveals that
this is a much more interesting situation, even where β is small.

3.2 The Replica Computation

The replica trick consists in the observation that for a positive number x,
one has

log x =
d

dn
exp (n log x)

∣∣∣∣
n=0

= lim
n↓0

xn − 1
n

.

If X is positive random variable, one therefore has, provided the interchange
of limits is justified

E log X = lim
n↓0

EXn − 1
n

.

As integer moments are often more easily evaluated then noninteger ones, the
“trick” therefore is to evaluate EXn for integer n, somehow extend things
analytically, and performs the above limit.

For the SK-model, this is not quite the way, it is done. In fact, one just
starts the computation of EZn

N assuming that n is an integer, but as soon as
it seems convenient, one gives up this illusion and lets n → 0, before really
finishing the computation. The calculation is easy, but it is hard to swallow
for a mathematician. Here it is

EZn = 2nN
E trσ exp

[
β√
N

∑
1≤i<j≤N

Jij

∑n

α=1
σα

i σα
j + h

∑n

α=1

∑N

i=1
σα

i

]
,
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where σ = (σα)α=1,...,n , σα ∈ ΣN , and trσ denotes taking averages of σ.
We interchange E with trσ, and carry out the Gauss integration over the
independent Jij

EZn = 2nN trσ exp
[

β2

2N

∑
1≤i<j≤N

(∑
α

σα
i σα

j

)2

+ h
∑

α,i
σα

i

]

= 2nN trσ exp
[

β2

2N

∑
1≤i<j≤N

(
n + 2

∑
α<β

σα
i σα

j σβ
i σβ

j

)
+ h
∑

α,i
σα

i

]

= 2nN trσ exp

⎡

⎣β2n (N − 1)
4

+
β2

2N

⎛

⎝
∑

α<β

(
∑

i

σα
i σβ

i

)2

− n (n − 1) N

2

)
+ h
∑

α,i

σα
i

⎤

⎦ .

We leave out contributions in the exponent which are bounded in N. Dropping
unnecessary factors, we get

EZn � 2nNeβ2nN/4 trσ exp
[

β2

2N

∑
α<β

(∑
i
σα

i σβ
i

)2

+ h
∑

α,i
σα

i

]
.

Now, we do not like the square in the exponent, and linearize it with Gaussian
integrals. Let therefore gαβ , α < β, be standard Gaussians, whose expecta-
tions are denoted by E, and we get

EZn � 2nNeβ2nN/4E trσ exp

[
h
∑

α

∑N

i=1
σα

i

]
exp

[
β√
N

∑
α<β

gαβ

∑
i
σα

i σβ
i

]
.

Now, we happily can perform the trσ operation, individually on each spin
components, and each i gives the same contribution. Therefore

EZn � 2nNeβ2nN/4E

{
trσ exp

[
h
∑

α
σα +

β√
N

∑
α<β

gαβσασβ

]}N

,

where now σ = (σα) has only one component, i.e., σα ∈ {−1, 1} . We write
out the Gaussian integrals as

∫
dqαβ exp

[
−q2

αβ/2
]
, the prefactor being of no

importance for us, but we make a linear variable transformation replacing qαβ

by qαβ/β
√

N. The coefficient from the variable transformation is again of no
importance, and we get

EZn � 2nN

∫
dq exp

[
−Nβ2

2

∑
α<β

q2
αβ + N log trσ eL(q,σ) +

β2nN

4

]

= 2nN

∫
dq exp

[
nN

{
−β2

2n

∑
α<β

q2
αβ +

1
n

log trσ eL(q,σ) +
β2

4

}]
,
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where
L (q,σ) def= β2

∑
α<β

qαβσασβ + h
∑

α
σα.

Now, one evaluates the integral by Laplace approximation. Naively, one thinks
that one should take the maximum over the {·} , but just in time it comes
back that we are not really interested in the integer case and that n → 0. As
the number of summands in

∑
α<β is n (n − 1) /2, and therefore negative in

the region of interest, the feeling is that one should take the minimum instead.
Therefore

lim
N→∞

1

N
E log ZN = lim

N→∞
1

N
lim
n→0

EZn
N − 1

n

= inf
q

lim
n→0

{
−β2

2n

∑
α<β

q2
αβ +

1

n
log trσ eL(q,σ) +

β2

4

}
+ log 2.

(3.5)

There is also an issue of interchanging the N → ∞ and n → 0 limit. Even
in the physics literature this interchange is considered as somewhat “problem-
atic,” but the final formula looks interesting anyway, if one is not too picky
about the fact that it lacks a decent mathematical meaning. The showdown,
however, just starts now, namely to find the infimum. Sherrington–Kirkpatrick
made short work of the problem and assumed that there is no sufficient reason
why the n replicas should behave “asymmetric,”and put qαβ = q. Assuming
this, we have that

∑
α<β q2

αβ = n (n − 1) q2/2, and an n cancels out. Fur-
thermore, the n → 0 limit in this part is no longer particularly demanding:
limn→0 (n − 1) = −1. Taking the n → 0 limit in the other part is only a bit
more tricky. In the replica-symmetric case, we have

L (q,σ) =
β2q

2

((∑
α

σα
)2

− n

)
+ h
∑

α
σα,

eL(q,σ) = e−qβ2n/2 exp
[
h
∑

α
σα
]
E exp

[
gβ

√
q
∑

α
σα
]

trσ eL(q,σ) = e−qβ2n/2E [cosh (gβ
√

q + h)]n ,

1
n

log trσ eL(q,σ) = −qβ2/2 +
1
n

log E [cosh (gβ
√

q + h)]n

= −qβ2/2 +
1
n

log E exp [n log cosh (gβ
√

q + h)]

� −qβ2/2 +
1
n

log E (1 + n log cosh (gβ
√

q + h)) , n � 0

→ −qβ2/2 + E log cosh (gβ
√

q + h) .
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Summing things together, we get

lim
N→∞

1
N

E log ZN = RS (β, h)

def= inf
q

{
β2

4
(1 − q)2 +

∫
log cosh (xβ

√
q + h)

1√
2π

e−x2/2dx

}
.

(3.6)

This is the replica-symmetric “solution” of the SK-model.
For later use, we try to find the minimizing q. Differentiating with respect

to q, and setting it 0 gives the equation

β (1 − q) =
1
√

q

∫
tanh (h + β

√
qx) x

1√
2π

e−x2/2dx,

and using partial integration, and (tanh)′ = 1 − tanh2, we get

β (1 − q) = β

∫ [
1 − tanh2 (h + β

√
qx)
] 1√

2π
e−x2/2dx,

i.e.,

q =
∫

tanh2 (h + β
√

qx)
1√
2π

e−x2/2dx. (3.7)

For h = 0, q = 0 is always a solution, and for β ≤ 1, it is the only one, as one
can easily check. Therefore RS (β, 0) = β2/4 for β ≤ 1. For β > 1, there is,
however, at least one other solution of this fixed point equation, which follows
easily by calculating the derivative of the expression on the right-hand side
at q = 0. In fact, there is just one other solution q (β) > 0 which gives the
minimum, and therefore RS (β, 0) < β2/4 for β > 1.

For h > 0, (3.7) does have a unique positive solution.

Lemma 3.3. Let β, h > 0 be arbitrary. Then (3.7) has a unique solution
q (β, h) .

I am not going to prove this here. The proof is due to Guerra and is short
but a bit tricky. Talagrand has it in his book ([3], Proposition 2.4.8).

3.3 The Parisi Ansatz

The main question is whether f (β, h) = RS (β, h) . It is certainly correct for
h = 0 and β ≤ 1, as we have seen before. However, for β > 1, it is not correct.
This is far from trivial to see. It will, however, turn out that for h �= 0, the
formula is correct again for small β, but not for large ones. Even the small β
case is highly nontrivial. That the solution cannot be correct for large β was
already realized by Sherrington and Kirkpatrick by calculating the entropy,
which has to be positive, but it can also be computed from the free energy,
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and if one uses RS, it becomes negative for large β. So already Sherrington
and Kirkpatrick concluded that their own solution is not correct for large β.

The RS solution is supposed to be correct for β up to the celebrated AT
line (de Almeida–Thouless line [20]), i.e., for β satisfying

β2

∫
1

cosh4
(
h + β

√
q (β, h)x

) 1√
2π

e−x2/2dx < 1, (3.8)

but this is not yet proved, but it is now simply a nasty analytical problem,
as the Parisi formula for f (β, h) is proved for the whole temperature region.
(The above condition comes up through a local stability computation.)

In order to overcome the problem with the replica-symmetric solution
for large β, there had been various proposals for a different ansatz for the
minimizing problem in (3.5), no longer assuming that all the qαβ are equal.
This is the famous “replica symmetry breaking.” A particular ansatz for this is
due to Parisi. The ansatz makes a very special assumption on the matrix Q =
(qαβ) , namely that it has a kind of hierarchical organization. The question
then remained if there could not be a better choice not satisfying the Parisi
ansatz. A justification of the Parisi ansatz before Talagrand’s proof was the
proof that it is in a sense locally stable, by computing Hessians, and that it was
the only one found having this property, but the really convincing argument
was that the outcome had interesting consequences also outside the “replica
formulation.” Very nice explanations of these issues can be found in [21]. Here
just a cursory explanation of what is going on.

The replica-symmetric ansatz fixes the matrix Q to be of the following
form:

Q =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

0 q q · · · · · · q
0 q · · · · · · q

0 q · · · q
. . .

...
0 q

0

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

.

In the Parisi ansatz, one uses more complicated matrices. There are a
number of levels. In the end, this number has to go to infinity, but let us
first look at the simplest case, the case with one level of replica symmetry
breaking. Here one takes a matrix of the form

⎛

⎜⎜⎜⎜⎜⎜⎝

⎛

⎝
0 q2 q2

0 q2

0

⎞

⎠

⎛

⎝
q1 q1 q1

q1 q1 q1

q1 q1 q1

⎞

⎠

⎛

⎝
0 q2 q2

0 q2

0

⎞

⎠

⎞

⎟⎟⎟⎟⎟⎟⎠
.

The rule is that one divides the n × n matrix by choosing n1 ≤ n such
that n/n1 is an integer, and then one divides the matrix into (n/n1)

2
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submatrices of the form n1×n1. The diagonal blocks get q2 above the diagonal,
and the off-diagonal blocks all get q1. In the above example, one has n = 6
and n1 = 3. Then one does the computation analogously as above, keeps
m1

def= n1/n fixed, and lets formally n → 0. This leads to a variational prob-
lem. One can check that one can always assume that 0 ≤ q1 ≤ q2 ≤ 1. For β
small it turns out that nothing new is achieved. The optimal choice for the qs
is q1 = q2, but for large β, some q1 < q2 give a lower value. This is the “one
level symmetry breaking,” but one can proceed by dividing the q2 blocks in
a similar fashion, which leads to a “two level symmetry breaking,” and one
can go on in this way with an arbitrary number of symmetry breakings. The
calculations are somewhat lengthy but not difficult. Here is the outcome.

Let K ∈ N (the number of symmetry breakings), and then we choose
parameters

0 = m0 < m1 < . . . < mK−1 < mK = 1, (3.9)

0 = q0 ≤ q1 < . . . < qK < qK+1 = 1. (3.10)

For i = 0, . . . ,K let gi be Gaussian with variance β2 (qi+1 − qi), and set
YK+1

def= cosh
(
h +

∑K
i=0 gi

)
. Then one defines

YK
def=
[
EK

(
Y mK

K+1

)]1/mK = EK (YK+1) . (3.11)

where EK means that one integrates out gK , so that YK still depends on
g0, . . . , gK−1. Then one defines

YK−1
def=
[
EK−1

(
Y

mK−1
K

)]1/mK−1

and so on, until one gets Y1. Y1 is still a random variable as it depends on g0.
Remark, however, that in case q1 = 0 which we do not exclude, there is no
randomness left. In any case, we set

PK (m, q;β, h) def= E log Y1 −
β2

4

K∑

i=1

mi

(
q2
i+1 − q2

i

)
+ log 2. (3.12)

Then infm,q PK (m, q) is the value one obtains by optimizing (3.5) with the
Parisi ansatz at K levels of replica symmetry breaking, and therefore, believing
that first of all the replica trick works, and secondly that the ansatz of Parisi
finds the minimum, we get

f (β, h) = inf
K,m,q

PK (m, q) = lim
K→∞

inf
m,q

PK (m, q) . (3.13)

Theorem 3.4. (Parisi Formula) The Parisi formula (3.13) is correct for
all β, h.

The proof is due to Guerra [5] who proved the upper bound, and to Tala-
grand [6] who then finished the proof.
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In the case of the SK-model, either one has K = 1, which gives the true
value in the region where the replica-symmetric solution is correct, or one
has to take K → ∞, and therefore one has “replica symmetry breaking” at
infinitely many levels. There are other models, with the minimum assumed
at one level of symmetry breaking, i.e., K = 2. One can artificially cook up
cases with arbitrary K, but K = 1, 2,∞ seem to be the only ones coming up
“naturally.” In the case K = ∞, one can phrase the limit K → ∞ directly as
a variational problem involving continuous functions q → x (q) . The finite K
case then corresponds to taking step functions x (q) = mi for q ∈ [qi, qi+1).

Here is an outline of what the physicists believe to be the picture behind
the RS solution (K = 1), and the replica symmetry breaking (K > 1).
This picture emerged partly from another nonrigorous approach, the so-called
“cavity method” which led to the same formula for the free energy, and gave
a clearer picture about the Gibbs distribution (see [2]).

The region, where the RS solution (3.6) is valid, is characterized by the
property that the σi under the Gibbs measure are still “fairly independent.”
The h = 0 case is simple because, due to symmetry, the expectation under the
Gibbs measure is 0. For h �= 0, the expectation of σi under the Gibbs measure
GN,β,h,ω is mi

def= G (σi) which satisfies Em2
i = q (β, h) , q being the solution

of (3.7), equality in the N → ∞ limit. The mi are themselves approximately
independent under the measure P. One therefore has the following picture (for
large N): the randomness of the disorder (i.e., the Jij) produce the nearly
i.i.d. random variables mi, and given the disorder, the Gibbs measure has
approximately independent spin variables σi with mean mi. The property that
the σi are approximately independent is reflected in the physics community
saying that there is just “one pure state.”

Given this picture, q (β, h) has a precise mathematical interpretation in
terms of the Gibbs measure. It is the almost sure limit (as N → ∞) of the
overlaps of two independent realizations of the spin variables

RN (σ, σ′) =
1
N

N∑

i=1

σiσ
′
i �

1
N

N∑

i=1

m2
i � q (β, h) (3.14)

by the law of large numbers. The precise statement is as follows: Let ν
(2)
N be

the measure on ΣN × ΣN defined by

ν
(2)
N (σ, σ′) def=

∫
P (dω)G⊗2

N,ω (σ, σ′) , (3.15)

where G⊗2 denotes the twofold product Gibbs measure. Then for small
enough β

lim
N→∞

ν
(2)
N (|RN (σ, σ′) − q (β, h)| ≥ ε) = 0, ∀ε > 0.

This means that the overlap of independent replicas is self-averaging. The
high-temperature regime is now mathematically very well understood, mainly
through the work of Talagrand (see [3], Chap. 2).
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In the low-temperature regime things become much more complicated.
First of all, the RS solution is no longer correct, but this is only one aspect. The
overlaps are no longer self-averaging but stay random. The Gibbs distribution
splits into a “countable number of pure states,” a statement made in the
physics literature which is difficult to make mathematically precise. Essen-
tially the “pure states” under the Gibbs distribution should be organized in
a hierarchical way. This hierarchy somehow reflects the hierarchical ansatz in
the Parisi matrices above. Nothing of this has been proved mathematically,
and probably not all statements made in the physics literature should be taken
(mathematically) too literally. See also the discussion in Sect. 6.

4 Mathematically Rigorous Results for the SK-Model

4.1 Guerra’s Interpolation Method

One of the breakthroughs in a mathematical understanding of the SK-model
was the idea of Guerra to use what in probability theory is called the “smart
path” method. It consists in interpolating between the model one is interested
in, and a much simpler one, in such a way, that one has some control over
the derivative along the path joining the two models. The trick is of course to
choose the interpolating path in a clever way (and also the simple model).

I will explain this in the simplest case, where one proves that the replica-
symmetric solution is a strict bound for the free energy, for all N and in the
full region of parameters. I first learnt about this argument at a conference in
Vulcano in September 1998 where Francesco Guerra explained it in his talk.
At that time, nobody (perhaps except Guerra) realized how important this
argument would become.

As a preparation, we differentiate fN (β, h) with respect to β

∂fN (β, h)
∂β

=
1

N3/2

∑

i<j

∑

σ

σiσjE

(
Jij

ZN (β, h)
exp [−HN,β,h (σ)]

)
.

We use Wick’s theorem to get rid of the Jij

E

(
Jij

ZN (β, h)
exp [−HN,β,h (σ)]

)

= E

((
∂

∂Jij

1
ZN (β, h)

)
exp [−HN,β,h (σ)]

)

+ E

(
1

ZN (β, h)
∂

∂Jij
exp [−HN,β,h (σ)]

)

= −E

(
∑

τ

β√
N

τiτjG (τ)G (σ)

)
+ E

(
β√
N

σiσjG (σ)
)

.
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Therefore, we get

∂fN (β, h)
∂β

=
β

2

(
1 −
∑

σ

∑

τ

RN (σ, τ)2 E (G (τ)G (σ))

)

=
β

2

(
1 − ν

(2)
N

(
RN (σ, τ)2

))
, (4.1)

where ν
(m)
N is the measure on Σm

N obtained from taking the m-fold product
measure of the Gibbs distribution, and integrate it over P (see (3.16)).

Theorem 4.1. For all β > 0, h ∈ R, and N ∈ N one has

fN (β, h) ≤ RS (β, h) ,

where RS (β, h) is defined by (3.6).

Proof. The proof is by interpolation. Let for an arbitrary number q ≥ 0, and
t ∈ [0, 1]

X (t, σ) def=

√
t

N

∑

1≤i<j≤N

Jijσiσj +
√

1 − t

N∑

i=1

√
qgiσi,

−Hβ,h (t, σ) def= βX (t, σ) + h

N∑

i=1

σi, (4.2)

where gi is a set of standard Gaussian variables, independent of the Js. The
basic idea of this interpolation is to relate the Hamiltonian we are interested in
with a much simpler one with independent σi, which, however, have the right
overlap structure. For t = 0, we have, conditioned on the gi, independent
spins with mean tanh

(
h + β

√
qgi

)
. Therefore, if we take two independent

realizations σ, σ′ (still conditioned on the gi), we get

1
N

N∑

i=1

σiσ
′
i �

1
N

N∑

i=1

tanh2 (h + β
√

qgi)

�
∫

tanh2 (h + β
√

qx)
1√
2π

e−x2/2dx

which equals q, if we take for q the solution of (3.7). The clever idea by Guerra
is that one can control what happens along the path from t = 0 to 1. For the
moment, we have not even to assume that q is the right one, and we can just
take it arbitrary ≥ 0. We again define the partition function

ξβ,h (t) def=
∑

σ
exp [−Hβ,h (t, σ)] ,
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and we write Gβ,h (t, σ) for the corresponding Gibbs measure. Let

φ (t) def=
1
N

E log ξ (t) . (4.3)

Remark that

φ (0) =
∫

log cosh (β
√

qx + h)
1√
2π

e−x2/2dx + log 2, (4.4)

φ (1) = fN (β, h) .

We compute the derivative of φ (t) with respect to t. For the derivative with
respect to the first occurrence, we can use (4.1), replacing β by β

√
t, and

multiply it with β/2
√

t. So we get

φ′ (t) =
β2

4

(
1 − ν

(2)
N

(
RN (σ, τ)2

))
−

√
q

2
√

1 − t

∑

σ

σi

∑

i

Egi
exp [Φ (t, σ)]

ξ (t)
.

Similarly, by a computation leading to (4.1), we get for the second summand

(
β2q/2

) (
1 − ν

(2)
N,t (RN (σ, τ))

)
,

and therefore

φ′ (t) =
β2

4
ν

(2)
N,t

(
1 − RN (σ, τ)2 − 2q (1 − RN (σ, τ))

)

=
β2

4

{
(1 − q)2 − ν

(2)
N,t

(
(RN (σ, τ) − q)2

)}

≤ β2

4
(1 − q)2 .

φ (1) − φ (0) ≤ β2

4
(1 − q)2 .

We therefore get from (4.4) for any N and any q ≥ 0

fN (β, h) ≤ β2

4
(1 − q)2 +

∫
log cosh (h + β

√
qx)

1√
2π

e−x2/2dx + log 2.

Taking the infimum over q of the right-hand side implies the theorem. �

A corollary of Guerra’s bound is that f (β, h) < β2/4 + log 2 for β > 1,
simply because RS (β, 0) < β2/4 + log 2 for β > 1, as is easily checked. This
fact was first proved by Comets [22] using different methods.

A very important point is that the proof does not only give the desired
result, but also gives an expression of the difference, namely

RS (β, h) − fN (β, h) =
β2

4

∫ 1

0

ν
(2)
N,t

(
(RN (σ, τ) − q)2

)
dt. (4.5)



Random Media and Spin Glasses 19

In order to prove that RS (β, h) = fN (β, h) , one therefore “only” has to
show that for the optimal q (i.e., the one given by (3.7)), one has RN (σ, τ) � q

with large ν
(2)
N,t probability, at least in the t-average. This is not true for large

β, but it is true for small β.
It should also be emphasized that the Gibbs measure Gt structurally is not

much different from the original measure. In fact it is of the form

1
Z

exp
[
β′HN (σ) + γ

∑
i
giσi + h

∑
i
σi

]
,

where the gi are new independent Gaussians, and γ is an additional parameter.
The proof that the replica-symmetric solution is the correct one for small

β (also including h �= 0) was first given by Talagrand using the cavity method
discussed in the next Sect. 4.2, but it can also be proved by a refinement
of Guerra’s method. What one essentially does is to copy the interpolation
method for a replicated system, which leads to bounds on the replicated sys-
tem with which one can prove that the right-hand side of (4.5) goes to 0 if q
is chosen properly. This method is explained in Talagrand’s book. A particu-
larly nice and simple version is due to Guerra and Toninelli [23] who worked
with a replicated system where the replicas are coupled quadratically. Their
interpolated and replicated Hamiltonian of two spin configurations σ, σ′ has
two parameters t ∈ [0, 1], and λ > 0

X(2)
(
t, σ, σ′) def

=

√
t

N

∑

1≤i<j≤N

Jij

(
σiσj + σ′

iσ
′
j

)
+

√
1 − t

N∑

i=1

√
qgi

(
σi + σ′

i

)
,

− H(2)
(
t, λ, σ, σ′, β, h

) def
= βX(2)

(
t, σ, σ′)+ h

∑

i

(
σi + σ′

i

)
+

λ

2
N
(
RN

(
σ, σ′)− q

)2
.

The problem of choosing the right q is showing up already at t = 0, where
the interaction among the different spin sites is absent. To see this, consider
spins σi which are just distributed with a Hamiltonian

−H (σ) =
∑

i
β
√

qgiσi + h
∑

i
σi.

For fixed gi, they are independent with mean tanh
(
h + β

√
qgi

)
. Therefore,

for an independent replica σ′ of such a spin family, one gets

RN (σ, σ′) � 1
N

N∑

i=1

tanh2 (h + β
√

qgi) �
∫

tanh2 (h + β
√

qx)
1√
2π

e−x2/2dx.

Therefore, if q satisfies (3.7), one has, under the replicated Gibbs distribution
at t = 0, that RN (σ, σ′) � q. It is then not difficult to show essentially by
Curie–Weiss type computations that
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∆N (β, h, λ) def=
1
N

E log G⊗2
t=0

(
exp
[
λ

2
N (RN (σ, σ′) − q)2

])
� 0,

if λ is not too large. By a clever interpolation scheme involving t, and λ

depending on t, Guerra and Toninelli then relate ν
(2)
N,t

(
(RN (σ, τ) − q)2

)
to

∆N (β, h, λ), and show that for small enough β, this is close to 0, along the
whole path from t = 0 to 1, which proves f (β, h) = RS (β, h). For details,
see [23].

In Talagrand’s version, explained in his book, he investigates the coupled
system with fixed overlap RN (σ, σ′) = u, and derives Guerra-type bounds
with which he is able to discuss conditions under which ν

(2)
N,t

(
(RN (σ, τ) − q)2

)

� 0. His technique played a crucial rôle in the derivation of the Parisi formula
(Theorem 3.4.). See his article in this volume [12].

4.2 Mathematical Variants of the Cavity Method

The basic idea of the so-called the “cavity method” is to investigate the
influence of a new additional spin variable on a system with N -spins. We
consider the standard SK-Hamiltonian, but now with N + 1. We then write
the Hamiltonian in terms of the Hamiltonian on N -spin variables σ1, . . . , σN

acting on the “newcomer” τ = σN+1

β√
N + 1

∑

1≤i<j≤N+1

Jijσiσj + h
N+1∑

i=1

σi

=

√
N

N + 1
β√
N

∑

1≤i<j≤N

Jijσiσj + h

N∑

i=1

σi +
β√

N + 1

(
N∑

i=1

Ji,N+1σi

)
τ + hτ.

(4.6)

We can replace
√

N + 1 by
√

N in the third summand, as the error when
doing so is only of order O

(
N−1/2

)
and can be neglected in the N → ∞

limit. Replacing the
√

N/(N + 1) in the first factor by 1 requires, however,

a correction by a summand which is stochastically of order 1. If we set β′ def=√
N/(N + 1)β and define the cavity variables

yσ
def=

1√
N

N∑

i=1

Ji,N+1σi,

we have
−HN+1,β,h (σ, τ) � −HN,β′,h (σ) + βyστ + hτ.

Remark that the cavity variables yσ are independent of the N -Hamiltonian
HN,β′,h, and in fact the yσ are just Gaussian random variables with covariances
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Eyσyσ′ = RN (σ, σ′) .

The basic idea of the cavity method in the physics literature is that for large N ,
the newcomers should leave the distribution of the Gibbs structure invariant,
and that the distribution of the overlap of “replicated newcomers” should
correspond to the distribution of the overlaps in the N -system. It is difficult
to give this a precise mathematical meaning. What is done, is to “assume”
that large systems are hierarchically organized, and one tries to characterize
this hierarchical structure by a self-consistency property. Although some of
the main predictions of the Parisi theory have been verified by now, a proof
that the SK-model is asymptotically hierarchically structured is still com-
pletely lacking. Mathematically, one aspect of this would be the validity of
the so-called “ultra metricity” conjecture (see Sect. 6). The abstract math-
ematical structure of the self-consistency has been worked out in [24], but
there is no proof there that the SK-model has asymptotically this structure.
I believe that what is lacking is a proper concept of a “contraction toward
ultrametricity,” and a proof that adding spins to a large system performs
such a contraction. The hierarchical structure which is believed (and in some
cases proved) to show up is that of the generalized random energy model in
Ruelle’s formulation, which I will shortly discuss in Sect. 5.2. This is still very
much on a speculative level, but such concepts play a major rôle in Talarand’s
versions of the cavity method which he applied to many models. In his first
paper on the SK-model, he proved such a contraction property for the small β
case, proving f (β, h) = RS (β, h) for small enough β. I give an outline of this
argument. Although, for the SK-model, it is now partly outdated by the use
of Guerra’s interpolation, there are many models where there is no variant
yet of Guerra’s estimates, and where Talagrand’s cavity method is the only
one available.

Lemma 4.2. Let γN (β, h) def= E

(
covG (σ1, σ2)

2
)

. Then, for small enough
β > 0 there exists ρ < 1 with

γN+2

(
β
√

1 + 2/N, h
)
≤ ργN (β, h) + O

(
N−1

)
.

I am not giving the proof here. It is based on adding two newcomers to the
N -system. The direct interaction of the newcomers can be neglected, and their
correlation in the (N + 2) system (at slightly changed temperature parameter)
can be expressed entirely through the influence of the N -system on the new-
comers. After some computations, one obtains the above contraction property
for small β. The conclusion from this property is that for i �= j, the variables
σi, σj become approximately independent under the Gibbs measure. Let

mi
def= EGσi.

These are random variables because they depend on the random environment.
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An important consequence of γN � 0 is the following one. Let (gi)1≤i≤N

be a sequence of independent Gaussians, independent also of the interaction
variables Jij . Then for α > 0, with overwhelming probability (with respect to
the gi and Jij), one has

EG exp

[
α√
N

N∑

i=1

giσi

]

� exp

[
α√
N

N∑

i=1

gimi

]
EG exp

[
α2

2N

N∑

i=1

(σi − mi)
2

]
. (4.7)

This follows by a simple application of the Cauchy–Schwarz inequality. The
basic point for the validity of f (β, h) = RS (β, h) for small β is that the mi

become asymptotically (roughly) independent for large N (when β is small,
this is false for large β). I give a quick outline of the argument that near
independence of the mi implies the validity of the replica-symmetric solution.
The starting point is a simple computation of the derivatives with respect to β

∂ RS (β, h)
∂β

=
β

2

(
1 − q (β, h)2

)
,

∂fN (β, h)
∂β

=
β

2

⎛

⎝1 − E
1

N2

∑

i,j

EG (σiσj)
2

⎞

⎠ .

The first equation is by a simple computation, and the second is (4.1). Given
the property that the σi are approximately independent under the Gibbs dis-
tribution, one has

1
N2

∑

i,j

EG (σiσj)
2 � 1

N2

∑

i,j

m2
i m

2
j =

(
1
N

∑

i

m2
i

)2

.

If the the mi are (approximately) independent under P, then one would get

E
1

N2

∑

i,j

EG (σiσj)
2 =

(
Em2

1

)2
.

It is not difficult to see that in such a case Em2
1 would, in the N → ∞ limit,

have to match q (β, h) . Here is a sketch of the argument. By (4.2), one gets

EφN+1

(
β

√
N + 1

N

)
= Em2

N+1

(
β

√
N + 1

N

)
= E

(
EGN,β

sinh (βyσ + h)
EGN,β

cosh (βyσ + h)

)2

,

where
φN (β) def=

1
N

∑

i

m2
i .
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If γN (β, h) � 0, then from (4.7) one gets

EGN,β
sinh (βyσ + h)

EGN,β
cosh (βyσ + h)

� tanh
(
βEGN,β

yσ + h
)

= tanh

(
β√
N

N∑

i=1

Ji,N+1mi + h

)
.

If the mi are approximately independent under P, then φN is essentially a
constant, and we would get

φN+1

(
β

√
N + 1

N

)
�
∫

tanh2
(
h + β

√
φN (β)x

) 1√
2π

e−x2/2dx.

From this one concludes that φN (β, h) � q (β, h).
The fact that the mi become approximately uncorrelated under P, if β is

small, is again proved by a contraction argument. The details of all that are
quite complicated, and I refer to Talagrand’s paper [25].

It is important that these kind of arguments work in much greater gener-
ality, and are applicable to many other models, for instance the perceptron,
the Hopfield net, and other ones, where the interpolation method seems to be
difficult to apply.

5 The Random Energy Models

5.1 The REM

This and Sect. 5.2 are a deviation from the SK-model and introduce a class of
simple models invented by Derrida which in a certain vague sense are supposed
to be “universal attractors” of much more complicated models like SK. On
a mathematical level this is very far from being understood. Nonetheless,
computations on Derrida’s model (in Ruelle’s asymptotic version) can be used
to give a transparent proof of Guerra’s bound of the free energy by the Parisi
expression. We will explain this in the Sect. 5.3.

The basic difficulty of the SK-model is coming from the fact that the
“energies” H (σ) are correlated random variables. Derrida [26] realized that
already something interesting is happening assuming that they are just
independent random variables having (about) the correct variances. There-
fore, we consider independent Gaussian random variables (XN (σ))σ∈ΣN

. ΣN

does not need to have any structure here, so we just let 1 ≤ σ ≤ 2N . In order
to match the variance of the Hamiltonian in the SK-case, we should take N/2,
but for convenience, we take XN (σ) to be i.i.d. Gaussians with variance N,

put HN,β (σ) def= −βXN (σ) , and define the partition function, the free energy,
and the Gibbs measure in the usual way

ZN (β) def=
∑

σ
eβXN (σ), (5.1)
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f (β) def= lim
N→∞

1
N

log ZN (β) , GN,β (σ) def= ZN (β)−1 eβXN (σ). (5.2)

It is easy to see that the free energy is self-averaging, so that f (β) is also
the limit of the expectations, and therefore nonrandom. The Gibbs measure
is again a random probability distribution on ΣN , as the H (σ) are random
variables. The limiting free energy is not difficult to determine and is given by

f (β) =
{

β2/2 + log 2 for β ≤ βcr =
√

2 log 2√
2 log 2β for β ≥ βcr =

√
2 log 2 . (5.3)

Much more interesting is the Gibbs distribution in the N → ∞ limit. This
can be derived from a well-known probabilistic result on extreme values of
i.i.d. Gaussian random variables. There exists a sequence aN ↑ ∞ (the exact
value is of no importance, they are of order

√
2 log 2N) such that the random

measure ∑

σ

δXN (σ)−aN

converges weakly to a Poisson point process on R with intensity measure
√

2 log 2e−
√

2 log 2tdt.

We write PPP (t → ae−at) for a Poisson point process with such a density.
Remark that there is a largest point, simply because ae−at is integrable at
+∞. In contrast, there is no smallest point, and the points are lying dense
and denser the further one goes down the negative real axis. We can represent
such a point process as

∑∞
i=0 δξi

, where ξ1 > ξ2 > · · · are real-valued random
variables. We also just talk of the “point process (ξi),” meaning

∑∞
i=0 δξi

,
but we tacitly always assume that the points are ordered downward. (The
point processes we consider will always have a largest point.) We are not
really interested in the energy levels, but rather in the Gibbs weights, which
are given as exp [βXN (σ)] . As we are interested only in the relative weights,
we can as well consider exp [β (XN (σ) − aN )] . Of course, we could normalize
the weights to a (random) probability distribution, but it turns out to better
be not too hasty with that, and to consider first the limiting point process of
these points which evidently converges in distribution to the transformation
of the point process PPP

(
t →

√
2 log 2e−

√
2 log 2t

)
obtained by applying the

mapping ξ → η
def= eβξ to the points. This is a PPP

(
t → xt−x−1

)
, with the

parameter x = x (β) =
√

2 log 2
/

β, i.e., we have

∑

α

δexp[β(XN (α)−aN )] → PPP
(
t → x (β) t−x(β)−1

)
(5.4)

in distribution. The PPP
(
t → xt−x−1

)
(which of course are point processes

on the positive real line) have a number of remarkable properties which are
absolutely crucial for their appearance in the Parisi picture.
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Proposition 5.1. Assume (ηi) are the points of a PPP
(
t → xt−x−1

)
, and

let Y1, Y2, . . . be i.i.d. positive real random variables satisfying EY x < ∞,

being also independent of the point process. Set ψ (x) def= (EY x)1/x
. Then∑

i δψ(x)−1Yiηi
is also a PPP

(
t → xt−x−1

)
. In plain words, multiplying the

points ηi by Yi amounts to the same (when regarded as a point process) than
multiplying the points with the constant ψ (x).

The proof is an easy exercise and I do not give it here. Note that the
properties crucially depend on the special form of the intensity measure of
the Poisson process. The property actually characterizes PPP

(
t → xt−x−1

)

as has recently been shown by Ruzmaikina and Aizenman [27].
In order to describe the limiting Gibbs distribution, one still has to apply

a normalization, and it is plausible that we can interchange the normalizing
operation with taking the limit in (5.4), i.e., we would like to conclude that
the point process

∑
σ δGN,β(σ) converges weakly to the proper normalization

of PPP
(
t → xt−x−1

)
. There is, however, a difficulty. Let η1 > η2 > . . . > 0 be

the ordered (random) points of a PPP
(
t → xt−x−1

)
. We would like to apply

a normalization procedure by normalizing the weights ηi, setting

ηi = ηi

/∑
j
ηj .

This we can only do if the sum converges. One easily proves the following
statement for the points of a PPP

(
t → xt−x−1

)
:

∑
j
ηj < ∞ a.s. ⇐⇒ x < 1.

If x < 1, we can therefore define the normalization procedure, obtaining the
point process

∑
i δηi

which we denote by N
(
PPP

(
t → xt−x−1

))
. This is no

longer a Poisson point process as is evident from the fact that the points sum
up to 1. The following result is plausible, but its proof still requires some work
as the above normalization is not a continuous operation.

Proposition 5.2. Assume β >
√

2 log 2. Then
∑

σ δGN,β(σ) converges weakly
to N

(
PPP

(
t → xt−x−1

))
, where x (β) =

√
2 log 2/β.

For a proof (in a more general setting), see [3], (Chap. 1) or [28]. The result
states that for low-temperature, there are configurations σ which have Gibbs
weight of order 1 in the N → ∞ limit, but these Gibbs weights stay random.
So the limiting Gibbs distribution is not “self-averaging.” Furthermore, there
is a “countable” number of such configurations in the limit. More precisely:
for any ε > 0 there exists a number K (ε) such that the total Gibbs weight of
the K (ε) configurations with the largest weight is ≥ 1− ε, with P probability
larger than 1− ε, and that uniformly in N. Furthermore K (ε) has to go to ∞
for ε → 0. The situation is easy to understand. For β >

√
2 log 2, the Gibbs

weights concentrate on the configurations σ for which the XN (σ) are maximal
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or close to the maximum. These (negative) energies (near the maximum) are
spaced at a distance of order 1. The second largest is below the largest by a
random distance which stays stochastically of order 1 in the N → ∞ limit.
The maximum is approximately at

√
2 log 2N, with a correction of order log N.

If β <
√

2 log 2, the situation is completely different. The main contribu-
tion comes from energies approximately at a level aN, where a <

√
2 log 2

(actually a = β, by accident). At this level, the energies are lying tightly, with
exponentially small typical spacings. Therefore, the maximum Gibbs weight
for β <

√
2 log 2 is exponentially small in N, and in order to catch a macro-

scopic weight one has to sum over exponentially many individual configura-
tions. Therefore, in the limit, “uncountable” many configurations contribute
to the Gibbs measure.

A prediction of the Parisi theory is that the point process described above
is an universal object in spin glass theory and appears as the distribution of
the “pure states” in essentially all systems exhibiting “spin glass behavior,” in
particular in the SK-model. It is difficult to give the notion of a “pure state,”
which is often appearing in the physics literature, a precise mathematical
sense. This has been achieved only for the p-spin SK-model which has a simpler
structure than the regular SK-model, by Talagrand (see [3], Chap. 6).

5.2 The Generalized Random Energy Model

The random energy model of Sect. 5.1 is certainly on oversimplification.
Derrida [29] a bit later introduced a model which has hierarchical organized
correlations. Shortly afterward, Ruelle [30], in an attempt to get a clearer
mathematical picture of the physicists predictions in spin glass theory, intro-
duced a point process version, which is the limiting object of Derrida’s model.
This model was then further investigated in [24] and elsewhere. These mod-
els are now called “generalized random energy models,” or GREM for short.
In contrast to the random energy model, they have a nontrivial notion of
“overlaps.”

Here is Derrida’s version. We consider a tree with 2N leaves and K branch-
ing levels, where K stays fixed (for the moment), and we let then N → ∞. We
write the elements of the tree as α = (α1, . . . , αK) where αi ∈

{
1, . . . , 2N/K

}
.

For convenience, we always assume that N/K is an integer. (We switch here
from σs to αs as the notation for the basic configurations because σi could
easily be mixed up with ±1 spins.) We again write ΣN for the collection
of such αs. Evidently, we have 2N elements in ΣN . For i ≤ K, we identify
(α1, . . . , αi) with the “bond” from node (α1, . . . , αi−1) to (α1, . . . , αi) . To
the bonds of the tree, we attach Gaussian random variables with variances
proportional to N, but depending on the level inside the tree. We choose
parameters a2

1, . . . , a
2
K > 0 with

∑
i a2

i = 1, and for i ≤ K, (α1, . . . , αi) as
above, we choose Gaussian random variables X

(i)
α1,...,αi which have variance

a2
i N. All these variables are independent. Then we define
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XN (α) def=
K∑

i=1

X(i)
α1,...,αi

, (5.5)

which replaces XN (σ) of Sect. 5.1, i.e., for any leaf of the tree we sum the
independent Gaussian variables attached to the bonds along the path from
the root to this leaf.

The XN (α) are evidently Gaussians with variance N, like in the REM
case, but there are now correlations. Defining for α, α′ ∈ ΣN the overlap

R (α, α′) def= max {i : (α1, . . . , αi) = (α′
1, . . . , α

′
i)}

one has

EXN (α) XN (α′) = N

R(α,α′)∑

i=1

a2
i .

We impose the following condition:

a2
1 > a2

2 > . . . > a2
K > 0. (5.6)

If this is not satisfied, just some levels disappear in the N → ∞ limit, so
we can as well make this assumption.1 The partition function and the Gibbs
weights are defined as before in (5.1) and (5.2). Despite its simplicity the
model has a number of surprising properties sketched below.

There is a sequence of critical values

βcr
i

def=
√

2 log 2√
Kai

.

If β ∈
(
βcr

M , βcr
M+1

)
, 1 ≤ M ≤ K,

(
βcr

K+1
def= ∞

)
, then the Gibbs distri-

bution “freezes” on level M but not on level M + 1. This means that the
contribution comes from the configurations α where X

(i)
α1,...,αi is close to its

maximal value for i ≤ M, but not for i > M. The marginal measure of the
Gibbs measure on the first M components

G(M)
N,β (α1, . . . , αM ) def=

∑

αN+1,...,αK

GN,β (α)

satisfies

lim
N→∞

∑

α

δG(M)
N,β

(α1,...,αM )
= N

(
PPP

(
t → xM t−xM−1

))
,

weakly, where
1 There is a delicate issue in case of equalities in (5.6) which we do not address

here.
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xi
def=
√

2 log 2/
√

Kaiβ. (5.7)

This fact is at first sight quite astonishing because it means that the limiting
Gibbs distributions does not take into account the tree structure, but takes
care only of the variance of the last frozen level. (For proofs of this fact,
see [11,28]).

The free energy of the GREM can be computed (see [29]), but it is not of
great relevance for the aspects discussed here.

The above limit result suggests a direct tree construction of the limiting
object in terms of point processes. This had been done by Ruelle [30]. The
construction is at follows.

The point process PPP
(
t → x1t

−x1−1
)

for the first level consists of count-
ably many random points which we can assume to be ordered downward.
Call them η1

1 > η1
2 > . . . > 0. For any i ∈ N, i.e., for any point from the

first level, we choose independent point processes PPP
(
t → x2t

−x2−1
)
, whose

points we again order downward: η2
i,1 > η2

i,2 > . . . > 0, and in this way we

proceed. For j ≤ K and i1, . . . , ij−1 fixed,
(
ηj

i1i2...ij

)

ij∈N

are the points of

a PPP
(
t → xjt

−xj−1
)
. They are independent for different i1, . . . , ij−1 and

also for different levels j, and we again assume that for each of these point
processes, the points are ordered downward. This is essentially Ruelle’s cas-
cade construction.

We can compose these point processes of the individual levels by just
multiplying the “abstract Gibbs weights” along the tree (which corresponds to
summing the energy levels of Derrida’s GREM along the tree). We therefore
arrive at a point process with random points indexed by i = (i1, . . . , iK) ,
ij ∈ N

ηi = η1
i1η

2
i1,i2 · . . . · η

K
i1,i2,...,iK

. (5.8)

This is not a Poisson point process, but after normalization, surprisingly, it
is simply a normalized REM. For convenience assume β > βcr

K
def=

√
2 log 2 /√

KσK , so that xK(β) < 1. (If this is not satisfied, one has to collapse some
of the later levels and one arrives essentially to the same conclusion for the
remaining ones.) In that case

∑

i

ηi < ∞

with probability one, and so one can normalize the point process, defining

ηi
def=

ηi∑
j ηj

.

Then the point process
Ξ =

∑

i

δηi

is the normalization of a PPP
(
t → xKt−xK−1

)
.
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The point process Ξ does not keep track of the way the points were pro-
duced through the tree, so it “forgets” the tree structure. This structure is,
however, important for the Parisi picture. The tree structure can be retained
in the following way. As usual we order the energy levels ηi downwards, i.e.,
we define a (random) bijection π : N → N

K such that ηπ(k) is the kth largest
element in the set {ηi} . This leads to an overlap structure on N, by measuring
the hierarchical distance between π (i) and π (i′) , i.e., we set for i, i′ ∈ N

r (i, i′) def= max {r : π (i)1 = π (i′)1 , . . . , π (i)r = π (i′)r} , max ∅ def= 0.

This leads to a sequence of (random) partitions of N, which for k ≤ K − 1
clumps together points in N whose π-value agrees on level k, i.e., we introduce
the equivalence relation

i ∼k i′ ⇐⇒ r (i, i′) ≥ k,

which leads to a partition Zk of N into the equivalence classes of ∼k. If k
decreases, the partitions become coarser. For k = 0, evidently all of N is
clumped into one set. Remarkably, this sequence of random partitions is sto-
chastically independent of Ξ itself. Furthermore the sequence of clustering has
a very simple Markovian structure, when viewed “backward.”This Markovian
clustering is best described in terms of a continuous time Markov process
(Γt)t≥0 which takes values in the compact set E of partitions of N. If Z,Z ′

are partitions of N, we write Z ≺ Z ′, if Z ′ is a coarsening of Z, i.e., if the
sets in Z ′ are obtained from clumping sets in Z. Transitions in our process
are only allowed to coarser partitions, i.e., for s < t, we have Γs ≺ Γt. The
description of the process is most simply given in terms of traces on finite
subsets I of N. We denote the set of partitions of I by EI . Then the trace
of (Γt) on EI is a Markovian process itself, with finite state space, of course,
and its Q-matrix

(
aI
Γ,Γ′
)
Γ,Γ′∈EI

is given as follows: Γ′ is obtained from Γ by
clumping together exactly k ≥ 2 classes into one, and if Γ has N classes, then

aI
Γ,Γ′ =

1
(N − 2)

(
N−2
k−2

) .

In all other cases aI
Γ,Γ′ = 0 (when Γ �= Γ′). Of course, aI

Γ,Γ = −
∑

Γ′ 
=Γ aI
Γ,Γ′ .

It is easy to see that this defines the transition kernel of the process (Γt)
uniquely. The following result is proved in [24].

Theorem 5.3. The law of (ZK−1,ZK−2, . . . ,Z1) is the same as the law of(
Γu1 , . . . ,ΓuK−1

)
, where Γ is the above Markov process starting at the parti-

tioning into single points, and where

e−ui =
xi

xi+1
,

the xi given by (5.7).



30 E. Bolthausen

The above clustering process allows to compute all kind of probabilities, for
instance the distribution of overlaps of two independent replicas. For instance,
the ν(2) = EG⊗2 probability that two replicas agree on level m is

E

⎛

⎝
∑

i,j

ηiηj1{r(i,j)≥m}

⎞

⎠ = E

⎛

⎝
∑

i
=j

ηiηj

⎞

⎠P (r (1, 2) ≥ m) + E

(
∑

i

η2
i

)

= E

(
∑

i

η2
i

)
(1 − P (r (1, 2) ≥ m)) ,

which may be computed explicitly, but this is of no importance here.
One crucial point is that the above reformulation does not really refer to

the K levels of the GREM. One simply has a point process (ηi) , the points
ordered downward, which is a N

(
PPP

(
t → xKt−xk−1

))
, and independently

a continuous time clustering process (Γt). Important therefore are only the
“Gibbs weights” ηi and the clustering times

τi,j
def= inf {t : i ∼Γt

j} .

In this way, one steps away from the original GREM model, and in fact, the
claim from the Parisi theory is that these objects appear universally in all
kind of spin glasses, in particular in the SK-model. The overlaps q (i, j) in the
SK-model are then related to the clustering times τi,j through a decreasing
function ϕ such that q (i, j) = ϕ (τi,j). The function ϕ, and the parameter
xM are the main parameters of the Parisi theory, and they are determined
through the variational problem (3.5). As soon as one has determined these
parameters, one can compute the distribution of the overlaps of replicas in
the same way as above. The determination of the parameters is, however, not
easy. For instance one does not know if the variational formula (3.5) (in the
proper setup K = ∞ and inside the Parisi ansatz) has a unique solution.

5.3 The Aizenman–Sims–Starr Proof of Guerra’s Bound of the SK
Free Energy

In a remarkable paper [5], Guerra extended the bound derived in Sect. 4.1 to
a bound of f (β, h) by the Parisi solution. The proof is not very complicated,
but hard to understand without knowledge of the cascade picture introduced
in Sect. 5.2. A bit later, Aizenman, Sims, and Starr [31] reproved the bound,
and generalized it by introducing what they call “random overlap structures,”
which serve as an abstract model for measures on a countable set which have
a notion of “overlaps.”

Definition 5.4. A random overlap structure R (ROSt for short) consists of
a finite or countable set A, a probability space (Γ,G, P) , and random variables
ηα ≥ 0, qα,α′ , α, α′ ∈ A, satisfying the following properties:
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1.
∑

α ηα < ∞.
2. (qα,α′) is positive definite and satisfies qα,α = 1.

The ηα play the rôle of (unnormalized) Gibbs weights, and the qs are the
abstract overlaps.

Example 5.5. As an example take A = ΣN
def= {−1, 1}N . The ησ, σ ∈ ΣN , can

be arbitrary. For qσ,σ′ we take the standard overlap RN (σ, σ′) , as introduced
before. We write RSK

N for this overlap structure. The q here are nonrandom.
On the other hand, we can use a (random) reordering of the set A by ordering
the ησ downward: η1 > η2 > . . . > η2N . After this random reordering, the q
become random: q1,2 for instance is the overlap of the two indices with the
largest η-weight.

Example 5.6. Another overlap structure is defined by Ruelle’s probability cas-
cades (5.8) introduced in Sect. 5.2. Fix 0 = m0 < m1 < . . . < mK = 1. We
take A = N

K , and the η are the (unnormalized) weights ηi as in Sect. 5.2 with
xi

def= mi, 1 ≤ i ≤ K (see (5.8)). There is a slight problem because we have to
take the last parameter xK = 1, which implies that

∑
i ηi = ∞. This will not

cause any difficulties for what we do below. The overlaps are defined in the
following way. Fix a sequence 0 ≤ q (1) < q (2) < . . . < q (K) < q (K + 1) = 1,
and we set

qi,i′ = q (max {k : (i1, . . . , ik) = (i′1, . . . , i
′
k)} + 1) ,

i.e., we measure the hierarchical distance on the tree, and weight it with the
function q. For this ROSt, we write RRuelle

K .

Given any ROSt, we attach to it families of Gaussian random variables
(yα,i)α∈A, i∈N

, (κα)α∈A by requiring

E (κακα′) = q2
α,α′/2, (5.9)

and the “cavity field” by

E (yα,jyα′,j′) = qα,α′δj,j′ . (5.10)

The κ and the y are independent. In case, the qs themselves are random
variables, these are just the conditional distributions, given (ξ, q) . It is not
difficult to see that such random variables exist. By an extension of the prob-
ability space, we can assume that all the random variables are defined on a
single probability space.

For later use, we give the construction of the cavity variables for RRuelle
K .

We simply write

yi = g(0) +
K∑

k=1

g
(k)
i1,...,ik

, (5.11)
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where the gs are independent centered Gaussians, with var
(
g(0)
)

= q (1) ,

var
(
g(k)
)

= q (k + 1) − q (k) . Furthermore, the yi,j , j ∈ N, are independent
copies of yi. The κi are constructed in a similar way.

The above notion of an ROSt needs some explanation. If one extends the
representation (4.2) to M newcomers τ1, . . . , τM , M � N, then one gets

−HN+M (σ, τ) � β√
N + M

∑

i<j≤N

Jijσiσj + h
N∑

i=1

σi

+ β

M∑

j=1

yσ,jτj + h

M∑

j=1

τj ,

where

yσ,j
def=

1√
N

N∑

i=1

Ji,N+jσi. (5.12)

This runs exactly as in Example 5.5., but we still would like to make a
replacement of N+M by N in the first summand in order to compare with the
Hamiltonian of the N -system. N−1/2

∑
i<j≤N Jijσiσj has variance (N − 1) /2,

and (N + M)−1/2∑
i<j≤N Jijσiσj has variance (N + M)−1

N (N − 1) /2 �
(N − 1) /2−M/2. We can therefore (approximately) represent the former by
the latter plus an independent Gaussian

√
M/2κσ, where (κσ)σ∈ΣN

is a field
with the covariances given by (5.9). If we set

ησ
def= exp

⎡

⎣ β√
N + M

∑

i<j≤N

Jijσiσj + h

N∑

i=1

σi

⎤

⎦ ,

we see that

ZN+M

ZN
�
∑

σ∈ΣN , τ∈ΣM
ησ exp

[∑M
i=1 (βyσ,i + h) τi

]

∑
σ∈ΣN

ησ exp
[
β
√

M/2κα

] . (5.13)

Here we have used the ROSt from the N -spin SK-model (with Gibbs weights
coming from a slightly changed temperature parameter). Aizenman, Sims,
and Starr had the idea to investigate the above object when the N -system is
replaced by an arbitrary ROSt R, and they considered the “relative finite M
free energy” in the following way

GM (β, h,R) def=
1
M

E

⎛

⎝log

∑
α,τ∈ΣM

ηα exp
[∑M

j=1 (βyα,j + h) τj

]

∑
α ηα exp

[
β
√

M/2κα

]

⎞

⎠ , (5.14)

where the E expectation is taken with respect both to the law of the ran-
dom overlap structure and the cavity variables yα,i and κα. The variant of
Guerra’s theorem in the generalized version of Aizenman, Sims, and Starr is
the following remarkable inequality, which holds for any M, and any ROSt.
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Theorem 5.7. For any M , and any ROSt R one has

fM (β, h) ≤ GM (β, h,R) . (5.15)

Remark 5.8. Aizenman, Sims, and Starr actually show that

f (β, h) = inf
R

lim
M→∞

GM (β, h,R) ,

which follows by plugging in the SK-ROSt itself, using (5.13), and applying
the subadditivity result of Guerra–Toninelli (3.2).

I am not going to prove the theorem. To a large extent it is a rerun of the
computation done above in Sect. 4.1. Here is an outline. One uses the following
interpolation:

−HM,β (τ, α, t) def=
β
√

1 − t√
M

∑
1≤i<j≤M

Jijτiτj

+ β

√
M (1 − t)

2
κα + β

√
t
∑M

i=1
yα,iτi

and defines

ĜM (β, h, t,R) def=

1
M

E

⎛

⎝log

∑
α∈A, τ∈ΣM

ηα exp
[
−HM,β (τ, α, t) + h

∑M
j=1 τj

]

∑
α∈A ηα exp

[
β
√

M/2κα

]

⎞

⎠,

where E is taken with respect to the overlap structure and the Js (which are
supposed to be independent). For t = 0, the κ-part cancels, and one just gets
fM (β, h) . For t = 1, one gets GM (β, h,R) . By a computation similar to the
one in Sect. 4.1, one gets

dĜM (β, h, , t,R)
dt

=
1
2
ν

(2)
t

(
(RM (τ, τ ′) − qα,α′)2

)
≥ 0, (5.16)

which immediately implies the theorem. ν
(2)
t is to be understood in the fol-

lowing way. For fixed environment (from J and the ROSt), one takes two
independent copies of the (τ, α) distributed according to

pt (τ, α) def=
ηα exp [−HM,β (τ, α, t) + h

∑
i τi]

Normalization
,

and afterward, one takes the environment expectation.
In principle, one should of course take RSK

N as the ROSt, in which case one
gets f (β, h) by Guerra–Toninelli in the M → ∞ limit, as remarked above,
but one has obviously not gained much. The striking fact, however, is that
the inequality is true for any ROSt, and one can try to obtain good upper
bounds by choosing ROSt for which one can compute GM . It turns out that
the good choice is Ruelle’s RRuelle

K from Example 5.6..
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Lemma 5.9.

GM

(
β, h,RRuelle

K

)
= G1

(
β, h,RRuelle

K

)
= PK (m, q;β, h) . (5.17)

Proof. We give a sketch of the computation as it is not done in [31], and as it
is not completely trivial. We can handle numerator and denominator in (5.14)
separately. The denominator is simpler, so I will only discuss the numerator.
We take M = 1. It will be clear from the computation that for general M the
outcome is the same. With the representation of the yi by (5.11), we get

1
2

∑

i,τ∈Σ1

ηi exp [(βyi + h) τ ] =
∑

i

ηi cosh (βyi + h)

=
∑

(i1,...,iK)

η1
i1η

2
i1i2 · · · · · η

K
i1i2...iK

cosh

(
β

K∑

n=0

g
(n)
i1,...,in

+ h

)
. (5.18)

We condition on η1
i1

, η2
i1i2

, . . . , ηK−1
i1i2...iK−1

and g
(1)
i1

, g
(2)
i1i2

, . . . , g
(K−1)
i1i2...iK−1

. Then(
ηK

i1i2...iK

)
iK∈N

is a PPP
(
t → mKt−mK−1

)
whose points are multiplied by the

independent random variables
(
cosh

(
β
∑K

n=0 g
(n)
i1,...,in

+ h
))

iK

. From Propo-

sition 5.1., we know that the conditional law (conditioned on anything up to
level K − 1) of the point process

(
ηK

i1i2...iK
cosh

(
β

K∑

n=0

g
(n)
i1,...,in

+ h

))

iK

is the same as that of
(

CK

(
β
∑K−1

n=0
g
(n)
i1,...,in

)
ηK

i1i2...iK

)

iK

,

where

CK (ξ) def=
[
EZ coshmK

(
ξ + h + β

√
qK+1 − qKZ

)]1/mK
, ξ ∈ R,

Z being a standard Gaussian random variable, and EZ the expectation with
respect to Z. CK is a random variable which still depends on the g(n), n ≤
K − 1. We proceed in the same way, replacing

(
CK

(
β
∑K−1

n=0 g
(n)
i1,...,in

)

ηK−1
i1i2...iK−1

)

iK−1∈N

by

(
CK−1

(
β
∑K−2

n=0
g
(n)
i1,...,in

)
ηK−1

i1i2...iK−1

)

iK−1∈N

,
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where

CK−1 (ξ) def=
[
EZC

mK−1
K

(
ξ + h + β

√
qK−1 − qK−2Z

)]1/mK−1
,

and so on. We finally see that multiplying the points ηi by cosh (βyi + h)
amounts (for the corresponding point process) in multiplying the points by
the constant E log Y1 from (3.12). The denominator in (5.14) is simpler be-
cause there one has in every step just an integration of a Gaussian in the
exponent. We therefore see that multiplying the points ηi by exp

[(
β/

√
2
)
κi

]

simply leads to a multiplication of the point process by exp
[(

β2/4
)∑K

i=0 mi(
q2
i+1 − q2

i

)]
. In the definition of G1 (5.14), we would now like to argue that∑

i ηi cancels out. There is the slight difficulty that this sum diverges almost
surely, because of mK = 1, but we can choose mK slightly less than 1, in
which case the sum is finite, and so cancels, and then we can let mK → 1 in
the end. The upshot of this computation is that

G1 (β, h,R) = E log Y1 −
β2

4

K∑

i=0

mi

(
q2
i+1 − q2

i

)
+ log 2

= PK (m, q;β, h) ,

the log 2 is coming from dividing by 2 in (5.18). It is evident from this com-
putation that we get the same for arbitrary M. (One is just having M factors
of cosh (·) with independent contents, so in every step of the above argument,
the factoring remains.) �

Combining this result with Theorem 5.7., one gets

fM (β, h) ≤ PK (m, q;β, h)

for any K, and any sequence m and q. Therefore

fM (β, h) ≤ inf
K,m,q

PK (m, q;β, h) .

This is Guerra’s upper bound.

6 Some Open Problems: Ultrametricity and Chaos

One of the puzzling open problems is the ultrametricity. In the physics litera-
ture, people often speak of “pure states” which are organized in a hierarchical
way. The concept of a pure state is difficult to make precise for mean-field
models. A way to make the concept precise is by the so-called “metastates”
introduced by Newman and Stein. I do not want to discuss this concept here
in details, and refer to the literature. For the SK-model, there are no results
in this direction. If I understand the physics literature correctly, it is roughly
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claimed that the configurations for a large N -system can be lumped into
groups such that inside the groups two independent choices (under the Gibbs
measure) have the same overlaps (with probability � 1). These groups are
then called the “pure states.” Of course, these groups depend on the ran-
dom couplings. The Gibbs weights of the groups are random itself, and are
given by the Poisson–Dirichlet point process as in the GREM. The groups
(i.e., the pure states) can then be lumped into supergroups, in such a way
that independent choices of configurations in different groups but the same
supergroup have a constant overlap. Then these supergroups can be clumped
into supersupergroups, etc. On a mathematical level, this has been made pre-
cise in the case of the p-spin SK by Talagrand, but in this case, there are
only the groups, and there is only one supergroup which consists of all the
configurations. One can find the analysis in Talagrand’s book ([3], Chap. 6).
For the SK-model itself, there should be a continuous hierarchy, which is dif-
ficult to make precise, but see the contribution in this volume by Bovier and
Kurkova [11] for a similar construction in the GREM case. For the SK-model,
there is no mathematically rigorous description for these concepts available.

On a more modest level, the first task would be to prove that the config-
urations satisfy, with probability close to 1, an ultrametricity property. If we
choose three independent configurations σ, σ′σ′′ under the Gibbs distribution,
then all ε > 0

lim
N→∞

E
(
G⊗3 {RN (σ, σ′′) ≥ min (RN (σ, σ′) , RN (σ′, σ′′)) − ε}

)
= 1,

where G⊗3 the threefold product measure of the Gibbs measure, applied to
(σ, σ′σ′′) . There is no proof of this, yet, which is the more astonishing as the
Parisi solution in physics literature is derived with a hierarchical structure in
mind.

The failure to prove this means that some of the core problems in (mean-
field) spin glasses are still very poorly understood, mathematically. (Of course,
it may be that ultrametricity is wrong, but this would be even more puzzling.)
There probably is a basic principle which tells that in a large class of models,
anything which is not ultrametrically organized is suppressed in the N → ∞
limit.

In order to get some (modest) insight into this property, we have recently
proved such a statement in a nonhierarchical version of the GREM [32, 33].
Here is this version.

Consider the set I = {1, . . . , n}, as well as a collection of positive real
numbers {aJ}J⊂I such that ∑

J

aJ = 1.

For convenience, we put a∅ = 0. The relevant subset of J will be only the ones
with positive a-value. For A ⊂ I we set

PA
def= {J ⊂ A : aJ > 0} , P def= PI .
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For N ∈ N, we set ΣN
def=
{
1, . . . , 2N

}
. We also fix positive real numbers

γi, i ∈ I, satisfying ∑

i

γi = 1,

and write Σi
N

def= ΣγiN , where for notational convenience we assume that γiN
is an integer. We will label the “spin configurations” α as

α = (α1, . . . , αn) , αi ∈ Σi
N ,

i.e., we identify ΣN with Σ1
N × · · · × Σn

N . For J ⊂ I, J = {j1, . . . , jk} , j1 <

j2 < · · · < jk, we write ΣN,J
def=
∏k

s=1 Σjs

N , and for α ∈ ΣN , we write αJ for
the projected configuration (αj)j∈J ∈ ΣN,J . Our Hamiltonian is defined as

−HN,β (α) def= β
∑

J∈P
XJ

αJ
, (6.1)

where XJ
αJ

, J ∈ P, αJ ∈ ΣN,J , are independent centered Gaussian random
variables with variance aJN. The Xα are then Gaussian random variables with
variance N , but they are correlated. E will denote expectation with respect
to these random variables. The GREM corresponds to the special situation
where the sets in P are “nested,” meaning that P consists of an increasing
sequence of subsets. Without loss of generality we may assume that in this
case

P = {Jm : 1 ≤ m ≤ k} , Jm
def= {1, . . . , nm} , (6.2)

where 1 ≤ n1 < n2 < · · · < nk ≤ n. In the GREM case, the natural metric
coming from the covariance structure

d (α, α′) def=
√

E

(
(Xα − Xα′)2

)

is an ultrametric. In the more general case (6.1) considered here, this metric
is evidently not an ultrametric.

Any of our models can be “coarse-grained” in many ways into a GREM.
For that consider strictly increasing sequences of subsets of I : ∅ = A0 ⊂ A1 ⊂
· · ·AK = I. We do not assume that the Ai are in P. We call such a sequence
a chain T. We attach weights âAj

to these sets by putting

âAj

def=
∑

B∈PAj
\PAj−1

aB .

Evidently
∑K

j=1 âAj
= 1, and if we assign random variables HT,N (α), ac-

cording to (6.1), we arrive after an irrelevant renumbering of I at a GREM
of the form (6.2). In particular, the corresponding metric d is an ultrametric.
The partition function, free energy, and the Gibbs measure are defined in the
usual way
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ZN (β) =
∑

α

exp [−HN,β (α)] , FN (β) =
1
N

log ZN (β) ,

fN (β) = E (FN (β)) ,

GN,β (α) =
1

ZN (β)
exp [−HN,β (α)] .

For any chain T, we attach to our model a GREM-Hamiltonian
(HT,N (α))α∈ΣN

, as explained above, and arrive at the corresponding free
energy.

Theorem 6.1.
f (β) def= lim

N→∞
fN (β)

exists, and is also to almost sure limit of FN (β) .
f (β) is the free energy of a GREM. More precisely, there exists a chain

T such that
f (β) = f (T, β) , β ≥ 0.

f (T, β) is minimal in the sense that

f (β) = min
S

f (S, β) ,

the minimum being taken over all chains.

For a proof, see [32]. Under some mild nondegeneracy hypothesis,2 it is
also possible to really prove the ultrametricity in this model. In our model,
the natural notion of an overlap R (α, τ) of two configurations is the subset of
I where they agree. Therefore, the overlap R takes values in the set of subsets
of I. The ultrametricity then states that

lim
N→∞

E
(
G⊗3 (R (α, α′) ∩ R (α′, α′′) ⊂ R (α, α′′))

)
= 1.

For the GREM, one has of course R (α, α′) ∩ R (α′, α′′) ⊂ R (α, α′′) for all
α, α′α′′ by construction, but for the above model, this is not the case. So
the above statement is a nontrivial result. For the exact conditions, and the
statement, see [33].

A problem which is equally puzzling as the ultrametricity is the so-called
“chaos property.” As that is explained in Talagrand’s contribution to this
volume [12], I am not discussing it here.

2 It is somewhat complicated to state precisely, so I do not give it here. Essen-
tially it rules out such degenerate cases as where the Hamiltonian is the sum of
independent Hamiltonians depending on the individual σi.
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7 Other Models: Some Comments about the Perceptron

The Parisi theory applies to many other problems besides to the SK-model,
e.g., to the assignment problem from combinatorial optimization, to the per-
ceptron and the Hopfield net from neural networks, to coding theory, and
to others. Many of these applications are presented in Nishimori’s book [21].
I will give some comments about the perceptron which I find particularly
interesting. The perceptron is a problem coming up in the theory of neural
nets. In the language of combinatorics, it is the problem of how many points
of {−1, 1}N ⊂ R

N do belong to the intersections of M random half-planes.
We can describe the random half-planes by

Uk
def=
{

x ∈ R
N :
〈
x, g(k)

〉
≥ 0
}

,

where 〈·, ·〉 denotes the standard inner product, and g(k) are standard Gaussian
vectors in R

N . We set

N (N,M) def= #
(
{−1, 1}N ∩

⋂M

k=1
Uk

)
.

The main interest is in the case M = αN , α > 0, and N → ∞. As
EN (N,M) = 2N−M , only the case α < 1 is interesting. It is believed that
there is a critical value α∗ < 1 such that N (N,αN) → 0 for α > α∗, and

f (α) = lim
n→∞

1
N

logN (N,αN) > 0

for α < α∗. Talagrand has been able to prove a formula for f (α) for small α,
and to prove that N (N,αN) → 0 for α close to 1. This can be found in his
book [3] (Chaps. 3 and 4).

I am not going to explain any of these results here, but only give an indi-
cation why the problem is closely connected to SK-type models, and actually
also to the cavity approach. We have

N (N,M) = lim
β→∞

∑

σ∈{−1,1}N

exp
[
−β
∑

k≤M
1{σ/∈Uk}

]
.

From this representation, it looks being natural to investigate this problem
first for finite β, and N,M → ∞, hoping of course that one can interchange
the limit with β → ∞ in the end. One may then even replace the indication
function with a smoother function u : R → R, and investigate (incorporating
β into u) Hamiltonians of the form

−HN,M (σ) def=
M∑

k=1

u

(
1√
N

N∑

i=1

gi,kσi

)
, (7.1)

where the gi,k are standard Gaussian variables. The quantities inside u are
exactly the cavity variables yi,σ introduced in (5.12), but here we still apply
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a nonlinear function u to them. A Hamiltonian of the above form appears
in a somewhat “simplified” SK-model (which, however, is not really much
simpler than the original one), where there are two group of spin variables
σ1, . . . , σN , τ1, . . . , τN , and the σs interact with the τs but where there is no
internal interaction inside the two groups. This would mean that one has a
Hamiltonian

−HN (σ, τ) def=
β√
N

N∑

i,j=1

Jijσiτj .

When calculating the partition function, one can of course sum out one of the
groups, take for instance the τs

ZN =
∑

σ

2N
∏N

j=1
cosh

(
β√
N

N∑

i=1

Jijσi

)
= 2N

∑

σ

∏N

j=1
cosh (βyj,σ)

= 2N
∑

σ

exp
[∑N

j=1
log cosh (βyj,σ)

]
,

with the cavity variables yj,σ defined by (5.12). Therefore, one is exactly back
to (7.1). As remarked above, I am not going into any details of the analysis
of Talagrand here, but I want to make just one final comment why I think
that an understanding of these models might be at the core getting a better
understanding of mean-field spin glass theory.

We can write (7.1) in a more complicated way, by introducing the “empir-
ical” cavity field

LM,σ
def=

1
M

M∑

j=1

δyj,σ

which are random elements in the space of probability measures on R. Then

−HN,M (σ) = M

∫
u (x) LM,σ (dx) ,

but one may define more general nonlinear Hamiltonians. Given a real-valued
function Φ defined on the space of probability measures, we set

−HN,M,Φ
def= MΦ(LM,σ) ,

and one may ask about the asymptotic behavior of the free energy

fN,M,Φ
def=

1
N

log
∑

σ

exp [MΦ(LM,σ)] .

The perceptron is the special case where Φ is linear. As far as I can see,
a theory for the general case is lacking completely. What Talagrand has been
able to do is to give (partial) answers for linear Φ. For “classical” mean-field
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type problems (much more general than the Curie–Weiss problem), the inves-
tigation of empirical measures and their large deviation behavior had been
conceptually very important. One might hope that something similar is correct
for mean-field type spin glasses. Here is a (somewhat imprecisely formulated)
question, I would find interesting to answer. Take M = N for simplicity.
For a fixed σ, LN,σ is the empirical measure of N i.i.d. standard Gaussian
variables, and therefore one knows from standard large deviation theory that
for a probability measure µ on R which is different from the standard normal
distribution φ, one has

P (LN,σ ∼ µ) ∼ exp [−NI (µ)]

with the “good” rate function

I (µ) =
∫

log
dµ

dφ
dµ.

(I am using here the standard large deviation jargon.) Therefore, the expected
number of σs with LN,σ ∼ µ is 2N exp [−NI (µ)], which is exponentially grow-
ing, provided µ is close enough to φ, but that will not be the typical number
of σs. The question: is it true that for µ sufficiently close to φ, one is in a
“replica-symmetric” situation, which means for instance that the typical σs
which satisfy LN,σ ∼ µ have components which are approximately indepen-
dent (conditionally on the environment coming from the cavity variables),
with conditional means mi, which are itself approximately i.i.d. under the law
of the environment. Even more challenging would of course be to have a full
Parisi theory for arbitrary µ, not just the ones close to φ, where one would
expect a spin glass behavior.

8 Dynamic Problems and Aging

Gibbs distributions of the type (2.1) are usually thought to be the equilibrium
measures for a Markovian time evolution. In continuous time, the evolution
{pt} is described by the so-called Q-matrix q (σ, τ) def= dpt (σ, τ) /dt|t=0. Typ-
ically, one is looking for a reversible dynamics, i.e., one that satisfies the
detailed balance equations

G (σ) q (σ, τ) = G (τ) q (τ, σ) .

A particular case is given by

q (σ, τ) = [1 + exp [−H (σ) + H (τ)]]−1
, σ �= τ.

Under mild conditions, one knows that for a finite system, one has conver-
gence to the equilibrium measure which is a “justification” to consider the
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equilibrium measure only, because after sufficiently long time, this is the dis-
tribution to consider anyway. However, for large systems, the time necessary
to reach this (approximately) may be very long, and it is therefore of crucial
importance to know how long it really takes till one can safely neglect that one
has started outside equilibrium. There is a huge literature about this topic,
and the problem is particularly challenging for disordered systems. It is in
fact generally agreed that in spin glasses, the necessary time is too long, and
the nonequilibrium situation is the more relevant for practical purposes.

A quantity of crucial importance is the time–time correlation, for instance
given by

CN (t, s) def= |ΣN |−1
∑

σ

RN (σ (t) , σ (t + s)) ,

where σ (t) is the spin configuration at time t for the process starting at
σ (0) = σ, and its limit

C (t, s) def= lim
N→∞

CN (t, s) .

For a system, developing in a “classical” way, one expects that for large t, this
quantity becomes independent of s. This means, that the system decouples in
a constant way, regardless how old it is, i.e., how large t is. (Of course, there is
in any case a limit t → ∞ involved as one cannot expect this independence of
s after a very short time.) However, this is not the way spin glasses do behave.
They typically develop slower the older they are. Intuitively, this means that
the system become trapped in metastable parts of the configuration space
from which it takes more and more time to escape. This kind of analysis has
become a topic of intensive research, both in theoretical physics and in math-
ematics, and it goes without saying that in the theoretical physics literature
there are many predictions, based on nonrigorous theoretical investigations
and numerical approaches, which cannot be proved yet in mathematical terms.
A prediction which goes under the name “aging” is a behavior like

C (t, s) � const× (s/t)α
.

Such a behavior has been mathematically analyzed and proved in a number
of cases, but not for the SK-model. Here are a number of models for which it
has been shown to occur.

– Dynamics of the random energy model. This has been a topic of intensive
research, mainly by Ben Arous, Bovier, and Gayrard [34]. One of the
aspects which makes the problem very challenging is that fact that one
regards a dynamic which mimics in some aspects the natural dynamics of
the SK-model, namely one identifies 1, . . . , 2N with {−1, 1}N , and allows
jumps only to nearest neighbor on the hypercubic lattice. This introduces
a structure for the dynamics which is absent in the original REM-model,
and the advantage is that results have a better chance to give insights into
what happens in more realistic models.
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– Spherical SK-models. The simplification here is coming from replacing the
spin state {−1, 1} by a continuous sphere. The mathematical advantage
is that one can then diagonalize the matrix (Jij), and use powerful tools
from random matrix theory. Investigations on this model have begun with
work of Ben Arous, Dembo, and Guionnet [35], and is explained here in
the survey article by Guionnet [13].

– Random trap models. These had been introduced by Bouchaud [36]. There
are several versions of it. One may for instance look at an ordinary random
walk in Z or Z

d but with the modification that the sites are traps which
are randomly placed (i.i.d. for instance). Also the depths of the traps are
random, and the deeper the trap is, the longer has the random walk to
remain in the trap. If the tail of the trap distribution is sufficiently thick,
then the model exhibits aging. This has been investigated by Ben Arous
and Cerny [37].
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Summary. A brief personal perspective is given of issues, questions, formulations,
methods, some answers and selected extensions posed by the spin glass prob-
lem, showing how considerations of an apparently insignificant and practically
unimportant group of metallic alloys stimulated an explosion of new insights and
opportunities in the general area of complex many-body systems and still is doing so.

1 Introduction

What are spin glasses? The answer to this apparently innocuous question has
evolved from an initially obscure, if interesting, small special class of metallic
alloys to one concerned with the globally pervasive issue of the understand-
ing of emergent complex behaviour in many-body systems, the development
of new mathematical, simulational and conceptual tools, new experimental
protocols, new algorithms and even a new class of mathematical probability
problems. In this paper I shall review some of this history and try to expose
some of the key issues, challenges, solutions and opportunities of the topic.

2 Random Magnetic Alloys

The story starts with magnetic aspects of metallic alloys. In the early 1960s
there was much interest in the solid-state physics community in the behaviour
of isolated impurities in metals, first with the formation of local magnetic
moments on magnetic metal impurities in non-magnetic hosts [1] and then
with the strong coupling of a localized moment to the conduction electrons
at low temperatures and its consequences for the electrical resistivity [2]. The
later 1960s and early 1970s saw the emergence of interest in the effects of
inter-impurity correlations through spin glasses (see e.g. [3,4]) and the Kondo
lattice [5].
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The appellation “spin glass” is due to Bryan Coles in the late 1960s to
label the low temperature state of a class of substitutional magnetic alloys,
typified by CuMn or AuFe, with finite concentrations of the magnetic ions
Mn or Fe in the non-magnetic hosts Cu and Au. The reason for the name
is twofold, first that in the state the magnetic moments (traditionally called
“spins”) on the magnetic ions seem to freeze in orientation but without any
periodic ordering (so conceptually reminiscent of the amorphous freezing of
the locations of atoms in a conventional (structural) glass), and secondly that
the low temperature specific heat is linear in T , again a feature of conventional
glasses. Experiments at that time indicated a non-sharp onset of the state
as the temperature was reduced from the paramagnetic one, suggesting a
rapid onset of sluggishness but not a phase transition, again as believed to be
characteristic of glasses. There were attempts to understand the behaviour in
the 1960s but nothing very extensive.

But then more accurate experiments in the early 1970s exposed a new
source of theoretical interest, an apparently sharp phase transition signalled
by a cusp in the magnetic susceptibility when external magnetic fields were
kept very small [6]. This had to be a new type of phase transition and therefore
worthy of extra notice. But still theoretical work was minimal until Edwards
and Anderson [7] produced a paper that at one fell swoop recognized the
importance of the combination of frustration and quenched disorder as fun-
damental ingredients, introduced a more convenient model, a new and novel
method of analysis, new types of order parameters, a new mean field theory,
new approximation techniques and the prediction of a new type of phase tran-
sition apparently explaining the observed susceptibility cusp. This paper was
a watershed.

Edwards and Anderson’s new approach was beautifully minimal, fascinat-
ing and attractive but also their analysis was highly novel and sophisticated,
involving radically new concepts and methods but also unusual and unproven
ansätze, as well as several different approaches. And so it seemed sensible to
look for an exactly soluble model for which their techniques could be ver-
ified. Such a model was suggested by Sherrington and Kirkpatrick [8]. It
extends the Edwards–Anderson model, in which exchange interactions are
range-dependent and effectively short-range, to one with interactions between
all spins, chosen randomly and independently from an intensive distribution
(and so “infinite-ranged” but not uniform). It offered the possibility of exact
solution in the thermodynamic limit and an exact mean field theory, in anal-
ogy but subtle extension of the infinite-range ferromagnet for which näıve
mean field theory is correct. Study of the SK model, or the mean-field theory
of the EA model that it defines, has proven highly non-trivial and instructive,
and opened many new conceptual doors. It has also proven to be an entry
point to many applications and extensions, which are still ongoing.
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2.1 More Details

Experimental Spin Glasses

Let me be more explicit. The original experimental spin glasses can be char-
acterized by Hamiltonians

H = −1
2

∑

i,j

J(Ri − Rj)Si · Sj , (2.1)

where the i, j label magnetic ions with Heisenberg spins Si and locations Ri

and J(R) is an exchange interaction which oscillates in sign as a function of
the spin separation. In metallic systems the origin of J(R) is the Ruderman–
Kittel–Kasuya–Yoshida (RKKY) interaction. In the original alloys the disor-
der is substitutional on a lattice.

Edwards–Anderson

What Edwards and Anderson (correctly) surmised was that the important
aspect of (2.1) is the combination of frustration, corresponding to the fact that
the spins receive conflicting relative ordering instructions (as a consequence
of the oscillation of the exchange with separation), and the quenched disorder
in the location of the spins. For theoretical convenience they effectively
replaced the Hamiltonian by one that can be written as

H = −1
2

∑

i,j

JijSi · Sj , (2.2)

with spins on all the sites of a lattice but the Jij between neighbouring spins
and chosen randomly from a distribution having weight of either sign.1 They
further chose the distribution to be Gaussian of zero mean, thereby both
eliminating the possibility of any conventional order (with spatially uniform
or periodic magnetization) and also having a minimal one-parameter charac-
terization.2 This necessitated the introduction of a new form of order para-
meter to describe magnetic freezing without periodicity. In fact EA gave two
versions: one based explicitly on temporal freezing

q = lim
t→∞,τ→∞

q(t, t + τ); q(t, t + τ) ≡ N−1
∑

i

〈Si(t) · Si(t + τ)〉, (2.3)

1 In fact the EA Hamiltonian was first written explicitly by Sherrington and
Southern [9].

2 Actually, the Gaussian choice for the single-parameter description was also
useful for the further analytic methods employed. The alternative simple single-
parameter symmetric distribution having two delta functions of equal weight at
±J has often been employed in (later) computer simulations.
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where 〈·〉 refers to a dynamical average, and the other based on ensemble-
averaging,

q = N−1
∑

i

|〈Si〉|2, (2.4)

with 〈·〉 now referring to an ensemble-average restricted to one symmetry-
breaking macro-state. The phase transition is signalled by q becoming non-
zero.

EA did not attempt a full solution but used several new variants of mean
field theory, all requiring novel treatment beyond those conventional for a
simple ferromagnet. The most sophisticated of them introduced and employed
the so-called “replica trick” which replaces the average of the logarithm of
the partition function,3 the physical generating function,4 by the limiting
behaviour of a partition function of an effective periodic system of higher
dimensional spins

ln Z = lim
n→0

∂/∂n(Zn) = lim
n→0

∂/∂n(
∏

α=1,...,n

Z(α)) = lim
n→0

∂Zeff(n)/∂n, (2.5)

where the overbar refers to the average over the distribution of the J , Z
is the usual partition function Z = Tr{σ} exp{−βH}, Z(α) is the partition
function for spins with dummy labels α and Zeff(n) is the partition function of
a periodic Hamiltonian Heff({σα

i }) of effectively higher dimensional pseudo-
spins with extra replica labels α = 1, . . . , n and higher order interactions now
between spins with different replica, as well as site, labels. Within this new
description EA devised a new mean field theory with a new order parameter
measuring inter-replica overlap

qαβ = N−1
∑

i

Sα
i · Sβ

i ; α �= β. (2.6)

To go further, however, they employed several assumptions and approxima-
tions whose validity was difficult to assess, although they do yield results with
some qualitative similarity to several experimental features.

Sherrington–Kirkpatrick

In view of the many uncertainties of the EA analysis and the fact that the
model was surely not soluble with current techniques, it seemed sensible to
look for a model in which a mean-field theory might be exact. Since the
3 The argument for studying the average of the logarithm of the partition function

is that the physical quantities it generates should be self-averaging, independent
in the thermodynamic limit of the specific instance of choice of the disorder.

4 Certain physical observables can already be expressed as derivatives of ln Z with
Z defined as above with the bare H. Others, in principle, require the addition
to H of terms involving appropriate conjugate fields so that desired observables
follow from derivatives of ln Z with respect to these fields.
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conventional ferromagnet is soluble in the thermodynamic limit provided that
all spins interact equally with one another and correspondingly the exchange
interaction scales inversely with the number of spins, it seemed reasonable to
look for an analogue in the spin glass problem. This led to the formulation of
the Sherrington–Kirkpatrick (SK) model whose Hamiltonian is similar to that
of EA but with interactions between all spins, chosen randomly and indepen-
dently from a distribution whose mean and variance scale inversely with the
number of spins. Simplifying to Ising spins and allowing for a ferromagnetic
bias and an external field, the SK model is characterized by5

H = −
∑

(ij)

Jijσiσj − h
∑

i

σi; σ = ±1; Jij i.i.d.; Jij = J0/N, J2
ij = J2/N.

(2.7)
Despite its apparent simplicity, this model has turned out to expose many
subtleties; for statistical physics, for mathematical physics and for probabil-
ity theory; as well as having much wider application relevance. Extensions
to other related models with extensive and super-extensive constraints inde-
pendently drawn from identical (intensive) distributions have led to further
novelties and applications. In this introductory perspective I shall restrict
discussion to outlines at the level of conceptual theoretical statistical physics,
leaving mathematical rigour to other authors.

Replica Theory

Within the replica theory of EA but applied to the SK model the averaged
free energy can be expressed in a form

F = −T ln Z = −T lim
n→0

∂

∂n
Tr

{σα
i
;α=1,...,n}

exp
{

f

(∑

iα

σα
i ,
∑

i(αβ)

σα
i σβ

i

)}
, (2.8)

in which f involves the spin variables only in the form of sums over all sites
and those sums only up to quadratic order. Hence, by introducing auxiliary
(macroscopic) variables to linearize these sums, the trace over the spins may
be taken to yield

F = −T ln Z = −T lim
n→0

∂

∂n

∫ ∏

α=1,...,n

dmα
∏

(αβ)

dqαβ exp[−NΦ({mα; qαβ})]

(2.9)
with Φ intensive. Thus, provided the limit n → 0 and the thermodynamic
limit N → ∞ can be inverted, the method of steepest descents in principle
yields a solution determined by an extremum of Φ. However, to take the limit
n → 0 an appropriate analytic form continuable to non-integer n is needed
5 We use notation (ij) to denote a pair of unequal sites.
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and the correct way to achieve this is not obvious. EA and SK both used the
natural “replica-symmetric” ansatze,

mα = m, all α; qαβ = q, all α �= β.6 (2.10)

This ansatz also yields the identifications

m = 〈σi〉 and q = |〈σi〉|2. (2.11)

Already it gives many features qualitatively similar to ones found experimen-
tally. In fact, though, it does not in general give a stable solution [10] and a
much more subtle replica-symmetry-breaking ansatz for q is needed to yield
stability in all regions of control-parameter space. The Parisi ansatz [11] has
satisfied this need and passed all subsequent stability tests.

Let me first describe Parisi’s ansatz in terms of its original replica the-
ory formulation and only turn later to its physical interpretation. qαβ can be
viewed as an n × n matrix with zeros on its diagonal elements.7 The Parisi
ansatz may be viewed as the result of a sequence of operations in which
(1) n(≡ m0) is initially considered as an integer which is subdivided sequen-
tially into an integral number of smaller intervals; first into n/m1 blocks of
size m1, then each of the m1 blocks into m1/m2 blocks of size m2 and so on
sequentially, with all the mi integers and the ratios mi/mi+1 also integers,
until mk+1 = 1 (2) qαβ is taken to have the value qi if I(α/mi) = I(β/mi),
I(α/mi+1) �= I(β/mi+1) where I(x) is equal to the smallest integer greater
than or equal to x, as illustrated below for the sequence n = m0 = 12; m1 = 4;
m2 = 2; m3 = 1

qαβ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
q0 q0

q0

q0q0

q0

q1

q1

q1

q1

q1

q1

q2

q2

q2

q2

q2

q2

q2

q2

q2

q2

q2

q2

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

6 One also requires that the extremum of Φ be a minimum for the single-replica
order parameter mα but a maximum for the two-replica order parameter qαβ .

7 Some authors take qαα as unity (cf. an extension of (2.6) but here I am) assuming
the αα term is so taken explicitly.
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(3) in the limit n → 0 the m are continued to real values with 0 ≤ m1 ≤ m2 ≤
· · · ≤ mk ≤ mk+1 ≡ 1 and q is replaced by a function q(x) given by q(x) = qi;
mi < x < mi+1 (i = 1, . . . , k) with x in [0,1] and (4) the limit k → ∞ is taken.
Insertion into (2.9) yields a functional integral which in the limit N → ∞ is
extremally dominated and yields self-consistency equations for the dominating
q(x); hereafter q(x) is taken to refer to this extremal function, which is the
the mean-field order function for the problem. For different regions of the
(J, J0, h, T ) parameter space the stable solutions are of one of two forms:

1. q(x) = q = constant; replica-symmetric (RS)
2. q(x) = q0 for 0 ≤ x ≤ x1, monotonically increasing smoothly between x1

and x2, and q(x) = q1 for x2 ≤ x ≤ 1; full replica symmetry breaking
(FRSB).8

They are separated by a plane in (J, J0, h, T ) which marks a continuous tran-
sition, with RSB on the higher-J side.

Replica symmetry breaking signals the existence of many non-equivalent
macrostates. q(x) provides a measure of the extent of similarity between these
states. It follows from consideration of the concept of overlaps [12]. The over-
lap between two macrostates S, S′ is defined by qSS′

= N−1
∑

i〈σi〉S〈σi〉S
′
,

where 〈·〉S refers to a thermodynamic average over macrostate S, and the
distribution of overlaps is given by P (q) =

∑
S,S′ WSWS′δ(q − qSS′

), where
WS is the probabilistic weight of state S, given in equilibrium by WS =
exp(−βFS)/

∑
S′ exp(−βFS′), where FS is the free energy of macrostate S.

The relation to q(x) is P (q) =
∫

dxδ(q−q(x)) = dx/dq. Consequently it follows
that an RS system has a single macrostate (aside from trivial global inversion
or rotation), whereas FRSB implies a hierarchy of non-equivalent relevant
macrostates at the temperature of interest.9 This in turn implies that the
macroscopic dynamics will be slow and glassy and that practical equilibra-
tion will be very difficult to achieve. Already, however, the existence of RSB
predicts different kinds of response functions; for the susceptibility one may
experience either single-macrostate response χSS ≡ χEA = T−1(1 − q(1)) or
the full Gibbs average χG = T−1(1 −

∫
dxq(x)). These in turn can be iden-

tified with the experimental zero-field-cooled and field-cooled susceptibilities
and used to explain their difference in the spin glass phase (see e.g. [13]); this
non-ergodicity was already observed before EA in the difference between ther-
moremanent and isothermal remanent magnetizations (e.g. [14]). The Parisi
replica analysis also demonstrates a number of other interesting properties
8 For the intermediate approximations mentioned above one would have a k-step

replica symmetry-breaking with k + 1 sections of constant q(x) separated by k
discontinuities, but it is believed that the only stable situations for the SK model
are k = 0 (RS) and k = ∞ (FRSB). There are stable 1 step RSB solutions for
several other problems (see Sect. 5).

9 There are even more macrostates of relevance at different temperatures.
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[15], such as ultrametricity [16]10 and non-self-averaging of certain non-trivial
overlap measures. but these will not be dwelt upon further here.11

Short-Range Spin Glasses

“Real” experimental spin glasses have short-range or spatially decaying
exchange interactions, whereas the replica theory above is exact only for
infinite-range problems. Many of the predictions of mean field theory are
mimicked qualitatively in the experiments; some are thought to be real, but
others are still subjects of controversy in true Gibbs equilibrium although often
apparent as non-equilibrium experimental features. The Edwards–Anderson
model with nearest neighbour interactions is considered representative of such
real spin glasses but remains without full exact solution.

Spin Glasses on Dilute Random Networks

A class of model spin glasses with finite inter-spin connectivities, as is the
case for EA, but range-free and offering the possibility of exact solution, was
introduced by Viana and Bray [18] and characterized by an analogue of SK
with

H = −
∑

(ij)

cicjJijσiσj ; random quenched c and Jij ; ci = 0, 1;Jij

= J0, J2
ij = J2, (2.12)

where the annealled spins σ are located on the quenched vertices of a finite-
connectivity Erdös–Renyi12 graph, with ci = 1 denoting a vertex, but without
the need for inverse N -scaling of the exchange distribution.13 This problem,
which is often considered a “half-way house” between SK and EA, requires
more order parameters mα, qαβ , qαβγ , qαβγδ, . . . and, although soluble in RS
approximation via a mapping qαβ...r =

∫
P (h){tanh(βh)}r, also poses greater

challenges than SK for FRSB (see e.g. [20]).
10 This corresponds to the hierarchical clustering of overlaps as illustrated by the

branching cartoon

α= 1 2 3 4 5 6 7 8 9 101112

⎧
⎨

⎩

q(1 5) = q(1 6) = q(1 7) = . . . = q0 ;

q(1 3) = q(1 4) = q(2 3) = . . . = q1 ;

q(1 2) = q(3 4) = q(5 6) = . . . = q2 ;

11 For a recent review of the topic of overlaps and their interpretation see [17].
12 In an Erdös–Renyi graph of degree p any vertex is connected to any other with a

probability p/N .
13 A simple extension utilizes as underlying network a random graph with fixed

degree at each vertex [19].
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Itinerant Spin Glasses

Thus far we have discussed only systems with magnetic moments even in
the absence of interaction. However, it is well known that ferromagnetism
in periodic systems can occur not only through the orientation of effectively
pre-existing localized moments, as typified by Curie–Weiss mean field theory
and found in insulating magnets and in some rare earth metals, but also
through the spontaneous cooperative ordering of metallic itinerant electrons,
as in Stoner–Wohlfarth ferromagnetism in transition metals. Similarly, one
can readily envisage itinerant spin glass behaviour [21] and indeed it is found
in alloys such as RhCo [22]. A simple model is given by the Hamiltonian

H =
∑

ijσ

tija
+
iσajσ +

∑

i

Via
+
i ai +

∑

i

Uini↑ni↓, (2.13)

where the ai, a+
i are Wannier electron creation and annihilation operators,

niσ ≡ a+
iσaiσ are number operators, and the parameters tij , Vi, Ui depend

upon the types of atom at sites i, j. The simplest instance takes randomly
quenched alloys with two atomic types (A,B) but with the tij independent of
the atom types and considers only magnetic fluctuations

H =
∑

ijσ

tija
+
iσajσ − 1

2

∑

i

Ui(ni↑ − ni↓)2, (2.14)

in which the Ui take one value UA at the sites associated with atom type A
and take the another value UB at the sites associated with atom type B. Of
particular interest is the itinerant case in which (1) A is not spontaneously
magnetically ordered, i.e. (1−UAχ0(q)) > 0), where χ0(q) is the wave-vector
dependent susceptibility associated with the bare band structure, (2) the pure
B system is spontaneously itinerantly ferromagnetic (so (1 − UBχ0(0)) < 0),
but also and (3) there is no magnetic moment associated with an isolated B
atom in an A matrix, even in the mean field sense of Anderson [1]. Analogy
with the phenomenon of Anderson localization [23] leads to the expectation
of statistical fluctuation nucleation of cluster moments within the concep-
tual framework of Anderson local moment formation, while further cluster
interaction can stabilize cluster glass behaviour beyond a critical B concen-
tration [21], as well as ferromagnetism at a higher concentration. However, in
fact isolated paramagnetic cluster moments are not necessary precursors for
spontaneous spin glass order (as emphasised by Hertz [24]), as neither there
are local moments in pure itinerant ferromagnets nor well-defined bosons in
BCS superconductivity above their respective onset temperatures.

A classical mean field theory follows from (2.14) by formulating the par-
tition function as a functional integral over a Grassmann representation of
the electron field [51], linearizing the interaction term involving the U over
auxiliary Hubbard–Stratonovich fields, integrating out the electron fields and
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taking the static approximation. This yields an effective classical field theory
with

Z =
∫

Dm exp(−βF(m)), (2.15)

where

F (m) =
∑

i

Uim
2
i −
∑

ij

UiUjmimjχ
0
ij −

∑

ijkl

UiUjUkUlmimjmkmkΛ0
ijkl + ...,

(2.16)
where mi =< ni↑ − ni↓ > and χ0

ij , Λ0
ijkl, etc. are two-, four-, etc. -point

correlation functions of the bare band structure (in real space). Taking the
extremum yields a set of self-consistent mean field equations which are the
analogue of the Thouless–Anderson–Palmer [25] (TAP) equations for the SK
equation. The analogy with Anderson localization follows from writing these
equations as

U−1
i Mi −

∑

j

χ0
ijMj −

∑

jkl

Λ0
ijklMjMkMl + .. = 0;Mi = Uimi (2.17)

and comparing with the Anderson wave-function localization equation

εiφi +
∑

j

tijφj − Eφi = 0, (2.18)

with disorder in the εi(= U i
−1); naively, local moment clusters of (2.17) are

related to negative energy states of (2.18) and long-range magnetic order is
related to the mobility edge. But in fact there are more subtle effects, both
bootstrap effects as mentioned earlier (contained in the non-linear terms of
(2.17)) and effects differentiating spin glass and ferromagnetic cooperative
order.

A simple conceptual model of itinerant spin glass ordering, further simpli-
fied in the EA spirit, is given by an effective field theory with

Z =
∫ ∏

i

dφi exp(−F (φi));F (φ) = r
∑

i

φi
2 + u

∑

i

φi
4 −
∑

(ij)

Jijφiφj ;u > 0,

(2.19)
with the Jij random as in EA or SK; this model encompasses local moment
spin glasses for r < 0 and itinerant spin glasses for r > 0.

Other Induced Moment Models

There are other classical models allowing the bootstrapping of magnetic order.
One such is the spin glass analogue of the induction of ferromagnetism due
to exchange interaction lifting of singlet ground state preference of isolated
atoms. A simple example is the spin-1 Ising model
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H = −D
∑

i

S2
i − 1

2

∑

ij

JijSiSj ; Si = 0,±1. (2.20)

If D > 0 then the system behaves analogously to the usual spin 1/2 Ising
model, but if D < 0 then in the absence of J the ground state preference
is for non-magnetic Si = 0. However, even if D < 0 a sufficient exchange
can self-consistently lift the preference to the magnetically ordered state via
a first-order transition. If the Jij are quenched random as in the SK model,
this system is known as the Ghatak–Sherrington (GS) model [26] and has
induced spin glass behaviour; it has been analysed extensively in FRSB by
Crisanti and Leuzzi [27]. The Fermionic Ising Spin Glass model [28] is closely
related [29].

Vector Spin Glasses

Magnetic alloy spin glasses are not restricted to Ising systems. Indeed
Heisenberg magnets are more common experimentally. It is straightforward
to extend the exactly soluble models to encompass vector spins (see e.g. [30]).
In the absence of a magnetic field or a ferromagnetic component there is little
change of note beyond the extension of random spin glass freezing to the full
spin dimensionality.14 Within the infinite-range/ mean-field model, an axial
symmetry-breaking due to an applied field or to ferromagnetism still per-
mits a spin glass freezing in the orthogonal directions [31] with strong onset
of transverse non-ergodicity and induced weaker longitudinal non-ergodicity,
crossing over to strong RSB in all directions at a lower temperature [32–34].
Anisotropy effects can also be included [35].

3 Discontinuous Transitions

For the case of conventional two-spin interactions, as employed in both the SK
and EA models and believed to be appropriate for conventional experimental
magnetic alloy spin glasses, mean field theory yields full replica symmetry
breaking once the spin glass state occurs.15 However, in extensions which lack
reflection and definiteness symmetries, such as p-spin models for p > 2 [36] or
Potts or quadrupolar spin glasses beyond critical Potts or vector dimensions
14 But it might be noted that the choice of Ising spins by SK led to the “smoking

gun” of negative entropy at T=0 and the realization that there was a subtlety,
which eventually led to Parisi’s ansatz and beyond; negative entropy at T=0 was
a known pathology of continuous classical spins but should not occur for discrete
spins such as Ising.

15 Although it remains controversial as to whether any RSB holds in short-range
systems.
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[37, 38] one finds that the spin glass transition is discontinuous to one step
of replica symmetry breaking with finite overlap magnitude (D1RSB).16 This
behaviour is thought to be characteristic also of (even short-range interaction)
structural glasses, in which crystallization is dynamically avoided in favour of
self-consistent glassiness.

4 Beyond Magnetic Alloys

4.1 Complex Many-Body Problems

The formalism and concepts developed for model magnetic alloys have found
significant application more generally; in particular for a large class of prob-
lems that can be characterized by control functions of the form

H = H({Jij...k}, {Sij...l}, {X}), (4.1)

where the i, j are microscopic identification labels; the {Jij...k} symbolize a
set of quenched parameters depending on one or more of the identification
labels and in general different for different labels; the {Sij...l} symbolize the
(annealled) microscopic variables again depending on one or more identifica-
tion variables; and the {X} are macroscopic intensive control variables. The
specific identifications of the {J, S,X} can, however, be quite different, as
also the manner of operation of the control function. In the spirit of statisti-
cal physics and probability theory one often concerns oneself with problems
in which the {J,X} are drawn from intensive distributions independent of the
specific labels.

Examples

We have already seen one example in the case of a magnet with the i labelling
the spins, the J exchange interactions, the S spin orientations, X the temper-
ature and H the Hamiltonian determining the distribution of the S through
the Boltzmann measure. Other examples include:

1. The Hopfield neural network. Here the i label neurons, {Si} indicate the
states of the neurons as firing or not firing, {Jij} label synaptic effica-
cies given in terms of (randomly chosen quenched) stored patterns {ξµ

i };
µ = 1, . . . , p = αN by Jij = N−1

∑
µ ξµ

i ξµ
j , X ≡ T ≡ β−1 is a mea-

sure of the rounding of the sigmoidal response of a neuron to the sum
16 In a Potts or quadrupolar model for a range of intermediate Potts or vector

dimensions the transition to 1RSB is continuous [37–40]; a similar transition to
C1RSB occurs in a p > two-spin model in a sufficient applied field [36]. Except
for spherical spins, there is also a lower temperature transition from 1RSB to
FRSB [41,42].
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of its incoming signals, H = − 1
2

∑
ij JijSiSj and P ({S}) ∼ exp(−βH)

characterizes the stationary macro-firing states. From the neural re-
trieval perspective, however, interest is not in the full Gibbs average but
rather in the individual retrieval macrostates with macroscopic overlaps
mµ = N−1

∑
i ξµ

i 〈Si〉 with the patterns coded in the {J}; retrieval cor-
responds to a finite overlap with a single pattern and is an analogue of
ferromagnetism in the examples of Sect. 2 Spin glass states do occur due
to pattern interference but are not the desired states in neural operation
and their dominance indicates breakdown of retrievable memory.17

2. Hard optimization. Here the objective is to minimize a cost function H
as a function of variables {S} with constraints {J}. An example is the
problem of partitioning the vertices i of a random graph into two groups
of equal size but with the minimum number of edges of the graph be-
tween the two groups. This can be formulated as finding the ground state
of a Viana–Bray-like spin glass. Consequently it can be studied by an
analogue of the procedure of studying the thermodynamics of the VB
spin glass. If the interest is in finding the average minimum spanning cut
then replica procedure may be employed, inventing an artificial anneal-
ing temperature T and taking it to zero at the end of the calculation.
Of course the actual calculation involves all the subtleties of replica sym-
metry breaking and computer simulation involves all the corresponding
issues of slow glassy dynamics.18 Another optimization problem in ar-
tificial neural network theory is to determine the maximum number of
patterns which can be stored and retrieved with a specified maximum er-
ror; in this case the variables are the synaptic efficacies and the quenched
parameters are the stored patterns. More recently many other optimiza-
tion problems have been studied by techniques derived from spin glass
studies.

3. Error-correcting codes. One procedure for coding and retrieval is to code
the information to be transmitted in the form of exchange interactions
whose insertion into an effective magnetic Hamiltonian yields a ground
state which identifies the desired message. In practice, however, trans-
mission lines add noise and retrieval is required to best eliminate the
effects of the noise. This yields yet another optimization problem, with
best retrieval resulting from the introduction of an effective retrieval
temperature–noise matching that on the line.19 Indeed there are several
other problems in which the optimal character of noise matching can be
demonstrated.

17 For further discussion see for example [43] or [44].
18 Simulation also exhibits the spin glass features of ultrametricity and non-self-

averaging [19].
19 Again see [44] for further details.
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5 Dynamics

Thus far discussion has been about equilibrium or quasi-equilibrium. However,
often one wishes to consider dynamics, including away from equilibrium;20

indeed if detailed balance is not present one cannot use usual Boltzmann
equilibrium theory. As before, we are normally interested in systems charac-
terized by simple distributions. Again one can utilize the general picture of
a controlling function as in (4.1) but now operating in an appropriate micro-
scopic dynamics (and without necessarily symmetries such as Jij = Jji). The
analogue of the use of the partition function for thermodynamics is to use
a dynamical generating functional [45] which can be expressed symbolically
either, for random sequential updates, as

Z(Λ) =
∫

DS(t)Πδ (eqn of motion) exp
(∫

dtΛ(t) · S(t)
)

, (5.1)

where the integral is over all variable paths in the full space–time, the Πδ
term indicates that the microscopic equations of motion are always satisfied
and the Λ · S term is a generating term, or, for parallel updates, as

Z(Λ) =
∫

ΠdS(t)
∏

t

W (S(t + 1)|S(t))P0(S) exp
(∑

t

Λ(t) · S(t)
)

, (5.2)

where Pt(S) indicates the ensemble distribution of S at time t and W (S(t+1)|
S(t)) indicates the probability of updating from S(t) to S(t + 1). With suit-
able Jacobian normalization (not shown explicitly) Z(Λ = 0) = 1 and one
can average over the quenched disorder without need for replicas; instead of
interactions between replicas one gets effective interactions between different
epochs. In the case of range-free problems one can again eliminate micro-
scopic variables in place of macroscopic ones by the artifice of introducing
new variables via relations such as

1 =
∫

dC(t, t′)δ(C(t, t′) − N−1
∑

i

Si(t)Si(t′))

=
∫

dĈ(t, t′)dC(t, t′) exp
{

iĈ(t, t′)(C(t, t′) − N−1
∑

i

Si(t)Si(t′))
} (5.3)

and similarly for response functions (involving also operators corresponding
to ∂/∂Si(t)). One can then integrate out the microscopic variables to leave
purely macroscopic measures; in the simplest cases of the form

Zeff ∼
∫

DC̃(t, t′, t′′, . . . ) exp(NΦ({C̃})), (5.4)

20 Note that whereas in real physical situations the true microscopic dynamics is
determined by nature, in computer simulations the dynamics is chosen by the
simulator and there exists the opportunity to optimise that choice. Similarly, the
control fields X are choosable.
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where C̃ is used to denote the generic set and the temporal dependence is two-
time for full connectivity of the SK type but includes all numbers of different
times for VB finite connectivity. Steepest descents then yields self-consistent
coupled equations for the macroscopic correlation and response functions,
although of course boundary conditions need care. This is the dynamical ana-
logue of replica thermodynamics. In general, however, it is more difficult than
replica theory and fewer cases have been solved fully. Also, in some cases the
convenience of a final expression purely in terms of coupled correlation and
response functions is not available, although alternative descriptions in terms
of ensembles of effective single agents can often be obtained.

An alternative procedure invoking an infinite multiplicity of single-time
order parameters has also been considered but will not be pursued here (see
e.g. [46])

5.1 Examples

p-Spin Spherical Spin Glass

One example of the above procedure has been the analysis of the (infinite-
range) p(> 2)-spin spherical spin glass, of Hamiltonian

H = −
∑

i1<i2<···<ip

Ji1i2...ip
Si1Si2 . . . Sip

;
∑

i

S2
i = N ; J2

i1i2..ip
= J2p!/2Np−1

(5.5)
and obeying Langevin dynamics, for which closed equations in terms of
correlation and response functions have been obtained [47]. In general these
equations are not restricted to stationarity. Analysis has indicated that
above a critical temperature, known as the dynamical transition temperature,
stationary solutions do exist, with C̃(t, t′) ≡ C̃(t − t′) and satisfying the nor-
mal fluctuation–dissipation theorem and mode-coupling theory, but below this
temperature equilibration does not occur, the normal fluctuation–dissipation
theorem −dR/dC = β (where R is the integrated response, C is the corre-
lation function and β is the inverse temperature) is replaced by a modified
relation −dR/dC = βX(C) where X(C) = x(C) with x(q) the inverse of the
Parisi function q(x), the R and C are now two-time (and non-stationary) and
the C-dependence of X(C) is instantaneous parenthetic.21,22

These and related dynamical studies vindicate and quantify the concepts
of glassy dynamics deduced from the thermodynamic existence of many non-
equivalent metastable macrostates and the barriers between them.
21 See for example [17].
22 In this case the onset of RSB is discontunuous and the transition temperature

is given differently by simple extremization of replica theory and dynamically.
The correct comparison with dynamics within replica theory is determined using
marginal stability.
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Dynamical SK-Model

In the p(> 2)-spin spherical spin glass model there is only one step of RSB
in the replica equilibrium theory and similarly only two straight slope regions
for X(C). The p = 2 SK Ising system is more complicated with more struc-
ture, corresponding to the hierarchy of FRSB, and dynamical analogues of
ultrametricity [48]. Other models can show regions of 1-RSB and of FRSB
thermodynamics23 while it seems likely that dynamical vestiges of FRSB may
occur in many systems, even with 1RSB thermodynamics.

Minority Game

A rather different example is found in the so-called Minority Game in econo-
physics (see e.g. [49, 50]), which mimics a system of speculative agents in a
model market trying to gain by minority action. In the batch version of this
game the system obeys microdynamics

pi(t+1) = pi(t)−hi −
∑

j

Jij sgn pj(t); hi = N−1
∑

j

ξi ·ωj ; Jij = N−1ξi · ξj ,

(5.6)
with the i labelling agents, the p unbounded variables corresponding to
strategy point-weightings, and the

−→
ξ and −→ω quenched random vectors in

a D-dimensional strategy space. This system is soluble along the lines out-
lined above, utilizing large-N steepest descent domination, in terms of an
ensemble of independent agents obeying non-Markovian stochastic dynam-
ics with ensemble-self-consistently determined coloured noise. On the macro-
scopic level it exhibits an ergodic–nonergodic transition at a critical value
dc of d = D/N , asymptotically independent of preparation for d > dc but
preparation-dependent for d < dc.

6 Conclusion

The spin glass problem has yielded many new concepts and techniques in
both theoretical and experimental physics. These concepts and techniques
have in turn inspired new insights and practical opportunities in the wider
field of complex many-body problems, ranging through physics, computer sci-
ence, biology and economics, with pastures still open in these and the social
sciences. Most of this work has been on simple models with a single level of
microscopic timescale (but many resulting macro timescales) but some work
has started and much remains to do when different parameters are allowed
different microdynamic time-scales (as for example in neural networks where
both neurons and synapses evolve, the former much faster than the latter,
23 For example the p > 2-spin Ising model has 1-RSB thermodynamic behaviour

above a critical temperature but then FRSB behaviour below; see e.g. [41,42].



Spin Glasses: A Perspective 61

or in biological evolution where the timescales of organism operation and
species evolution and mutation are very different). Although physical systems
normally obey detailed balance, others need not (e.g. biological or economic
or social systems). Most of the theoretical work has been performed at a level
of uncertain if physically reasonable approximation or assumption. Greater
mathematical physics rigour is now needed and will be the topic of other
authors in this volume. The spin glass models have introduced also new con-
cepts in probability theory that are stimulating new mathematics. Spin glass
dynamics poses challenges yet to be investigated with mathematical rigour.
Much has been achieved but much remains to do.
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Summary. Despite steady progress over the last 10 years, the study of (the statics
of) mean field models for spin glasses remains very difficult. We discuss some of the
ideas behind the recent progresses, and some of the most blatant open problems.

1 Introduction

By many respects a (Ising mean field) spin glass model is a suitable random
function UN on ΣN = {−1, 1}N . The objective is the study (for large N) of
the Gibbs measure, a random probability on ΣN with density proportional to
exp(UN (σ) + h

∑
i≤N σi) where σ = (σi)i≤N denotes the generic element of

ΣN . Here, h is a given number (that represents the strength of an “external
field”) and, to lighten notation, we omit the negative signs that are customary
in physics. Often UN depends on a parameter β through the relation UN =
βVN , and the problem is typically easier when β is small (or, more generally,
under some kind of smallness condition on UN ).

These models are believed to have a very complex behavior at low enough
temperature (large β), behavior that becomes (much) simpler at high tem-
perature (small β). The appeal of the whole area (in my eyes at least) largely
stems from the fact that this behavior apparently follows some universal laws
(i.e., that are valid in all the models).

Roughly speaking, there are four stages of understanding of a given model:

(0) Inability to say anything at all
(1) Control at high enough temperature (i.e., small enough β)
(2) Control of the entire high temperature region
(3) Control at all temperature (all β)

Of course each of these stages (except maybe the first one) can be subdi-
vided in substages describing at which level of accuracy the control is obtained.
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Most of the recent book [1] is devoted to reaching the stage (1) for the main
models. The main tool is the cavity method, that is, induction over the number
N of coordinates. Probably it would have been better to coin another name,
because what a mathematician means by cavity method is very different from
what a physicist means.

What physicists do is:

(i) Assume that the overlaps are asymptotically equal to a constant q (see
precise definition in (1.2)).

(ii) Compute q by establishing heuristically a self-consistent equation.

Part (i) requires no work, and part (ii) requires only little. Hence, for a
physicist, the equation

Cavity method = triviality (1.1)

holds true. The rational behind (1.) is that it is the “default situation.” When
asked why this is the case, Mézard answered: But what else could happen?
The more I think about this argument, the more I find it convincing. Yet, it
is not fully mathematical.

Equation (1.1) starts to be in doubt as soon as one tries to prove (i).
Let us denote by R1,2 = R1,2(σ1,σ2) = N−1

∑
i≤N σ1

i σ2
i the overlap of two

configurations, by 〈·〉 an average for the Gibbs measure (or its product on Σ2
N )

and E expectation in the disorder (i.e., the randomness of the Hamiltonian
UN ). Then (i) means that

lim
N→∞

E〈(R1,2 − q)2〉 = 0. (1.2)

The basic idea to prove this is to show that

E〈(R1,2 − q)2〉 ≤ AE〈(R1,2 − q)2〉 + cN (1.3)

where cN → 0 and A < 1 does not depend on N . One starts by writing, using
symmetry between sites

E〈(R1,2 − q)2〉 = E〈(σ1
Nσ2

N − q)(R1,2 − q)〉

and then one expresses the bracket as a function of the (N − 1)-spin system.
When conducted skillfully this computation yields the relation (1.3). The
high-temperature condition greatly helps in obtaining the condition A < 1.

It does not seem possible however to prove directly (1.3) in all the region
(1.2). As is explained in detail in Sect. 2.6 of [1], to perform this computation
it seems necessary (unless one is at very high temperature) to know that

it is very rare that |R1,2 − q| ≥ ε, (1.4)

where ε > 0 is a sufficiently small number (the closer one is to the boundary
of the high-temperature region, the smaller ε has to be). There seems to be no
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way to obtain (1.4) from the cavity method. In other words, while the cavity
method achieves (1), it seems powerless to achieve (2) by itself. How then
could one prove (1.4)? It would be satisfactory to prove a statement such as

E〈1{|R1,2−q|≥ε}〉 ≤ K exp
(
−N

K

)
, (1.5)

where K is independent of N . Now

〈1{|R1,2−q|≥ε}〉 =
BN (ε)
Z2

N

where

BN (ε) =
∑

|R1,2−q|≥ε

exp(HN (σ1) + HN (σ2))

ZN =
∑

exp HN (σ)

and

HN (σ) = UN (σ) + h
∑

i≤N

σi.

An extremely important consequence of concentration of measure is that to
prove (1.5) it suffices to prove that

E log BN (ε) ≤ 2E log ZN − ε′N, (1.6)

where ε′ > 0 is independent of N (see [1], Sect. 2.2). To prove this, it would be
very nice to have an a priori upper bound on E log BN (ε), and in particular
a bound of the type

1
N

E log BN (ε) ≤ 2p − ε2

K0
, (1.7)

where K0 is a number, independent of N and ε, and where we believe that

p = lim
N→∞

N−1 log ZN . (1.8)

We then see the following scheme of proof: If we know (for large N) that

1
N

E log ZN ≥ p − ε3

3K0
(1.9)

then combining with (1.7) we get (1.6), hence (1.5), and thus (1.3), and this
implies (1.2). Hopefully, once this strong information has been obtained, one
can prove (1.8), from which we will be able to deduce (1.9) at a slightly lower
temperature, and control in this manner the entire high-temperature region.
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2 Guerra’s Replica-Symmetric Bound

Before figuring out how to prove (1.7), one should study the simple problem
of finding a bound for pN = N−1E log ZN . In the case of the Sherrington–
Kirkpatrick (SK) model, F. Guerra has found a striking argument [2]. The
Hamiltonian of the SK model is given by

HN (σ) =
β√
N

∑

i<j

gijσiσj + h
∑

i≤N

σi, (2.1)

where (gij) are i.i.d. standard Gaussian. Consider another independent
sequence gi of standard Gaussian r.v., that is independent of the previous
sequence, and a parameter q. Guerra introduces the interpolating Hamiltonian

HN,t(σ) = β

( √
t√
N

∑

i<j

gijσiσj +
√

1 − t
∑

i≤N

gi
√

qσi

)
+ h

∑

i≤N

σi. (2.2)

One key idea there is that for t = 0 there is no interaction between the sites,
so the model is trivial. We define, for 0 ≤ t ≤ 1,

ϕN (t) =
1
N

E log
∑

σ

expHN,t(σ). (2.3)

Thus

ϕN (0) = log 2 + E log ch(βg
√

q + h),

where g is standard Gaussian. Let us denote by 〈·〉t an average with respect to
the Gibbs measure with Hamiltonian (2.2). Then using integration by parts
(see e.g. Theorem 2.4.7 of [1] for a detailed explanation) one sees that

ϕ′
N (t) =

β2

2

(
1
2
E〈R2

1,2〉t − q(1 − E〈R1,2〉t)
)

=
β2

4
(1 − q)2 − β2

4
E〈(R1,2 − q)2〉t

≤ β2

4
(1 − q)2.

(2.4)

Consequently,

pN =
1
N

E log
∑

σ

exp HN (σ) = ϕN (1)

≤ RS(q) := log 2 +
β2

4
(1 − q)2 + E log ch(βg

√
q + h).

(2.5)
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The beauty of (2.5) is that it is obtained without any knowledge of the
system. Since this inequality is valid for any q, we have

pN ≤ RS := inf
q

RS(q). (2.6)

The importance of this bound is that it is tight in the high-temperature region
(a statement that can be used as a definition of the high-temperature region).

This argument can be considerably generalized. Consider the case when

HN (σ) = UN (σ) + h
∑

i≤N

σi, (2.7)

where (UN (σ)) is a jointly Gaussian family of r.v. such that for all configura-
tions σ1,σ2, we have

∣∣∣∣
1
N

EUN (σ1)UN (σ2) − ξ(R1,2)
∣∣∣∣ ≤ c(N), (2.8)

where c(N) → 0 and ξ is a given function. Then if we now take

HN,t(σ) =
√

tUN (σ) +
√

1 − t
∑

i≤N

gi

√
ξ′(q)σi + h

∑

i≤N

σi, (2.9)

where again the r.v. (gi)i≤N are i.i.d. standard Gaussian independent of UN .
Defining ϕN (t) as before, we find that

ϕ′
N (t) =

1
2

(
E

〈
1
N

E(UN (σ)2)
〉

t

− E

〈
1
N

E(UN (σ1)UN (σ2))
〉

t

)

− ξ′(q)(1 − 〈R1,2〉t) ≤
1
2

(
ξ(1) − E〈ξ(R1,2)〉t

− ξ′(q)(1 − E〈R1,2〉t)
)

+ c(N)

using (2.9). If we assume that ξ is convex then

−ξ(R1,2) + ξ′(q)R1,2 ≤ ξ′(q)q − ξ(q)

and thus
ϕ′

N (t) ≤ 1
2
(ξ(1) − ξ(q) + (q − 1)ξ′(q)) + c(N)

and hence

lim sup
N→∞

1
N

E log
∑

σ

exp HN (σ)

≤ inf
q

[
log 2 +

1
2
(ξ(1) − ξ(q) + (q − 1)ξ′(q)) + E log ch(g

√
ξ′(q) + h)

]
.

(2.10)
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The assumption (2.6) covers the case of the p-spin interaction model, where

VN (σ) = VN,p,β(σ) = β

(
p!

2Np−1

)1/2 ∑

i1<···<ip

gi1...ip
σi1 · · ·σip

,

where of course gi1...ip
are i.i.d. standard Gaussian. In this case ξ(q) = β2qp/2

is convex for p even. The function ξ is also convex in the more general case

VN (σ) =
∑

p even

VN,p,βp
(σ), (2.11)

where the randomness of the terms in the sum are assumed to be independent.
It is in fact possible to extend (2.10) to the case where ξ is convex only

on [0, 1] (so that all values of p become permitted in (2.11)) but this is rather
nontrivial [3].

Here is an amusing and unimportant question: can one describe the class
of functions ξ for which one can find functions UN as in (2.9)?

An essential feature of the present scheme of proof is that the competent
bound for pN is the type RS = infq RS(q). Unfortunately, there are models of
importance (the prime examples being the Perceptron model and the Hopfield
model) for which the competent bound is of the type supr infq RS(r, q) (or so
it seems to me). Is there any hope in this case? To be specific, we will state
only the simplest case we can think about (taking the risk that it is not a
good choice), a kind of “Gaussian Hopfield” model. We consider independent
standard Gaussian r.v. (gik)i,k≥1, and we set Sk,N (σ) = N−1/2

∑
i≤N gikσi.

Consider a parameter α > 0, and β < 1.

Problem 2.1 Find competent upper bounds for

lim sup
N→∞

1
N

E log
∑

σ

exp
(

β

2

∑

k≤αN

S2
k,N (σ) + h

∑

i≤N

σi

)
.

For small α (how small depending on β) there is little doubt that the
methods of [1], Chap. 3, allow one to compute this limit. The problem is for
the large values of α.

Let us now go back to our original problem, the search of a proof for (1.7).
If one keeps in mind the probabilistic bound

E(eX1{Y ≥a}) ≤ e−λaE(eX+λY )

one will probably first write

N−1E log
∑

R1,2≥u+ε

exp(HN (σ1) + HN (σ2)) ≤

− λ(u + ε) +
1
N

E log
∑

σ1,σ2

exp(HN (σ1) + HN (σ2) + NλR1,2),
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and attempt to bound the last term. This is a problem of the same nature
as bounding the quantity pN of (2.5), except that now we have two copies
of the system, copies that are coupled by the interaction term λNR1,2 =
λ
∑

i≤N σ1
i σ2

i . (This is a simple instance of the SK model with d-component
spins as studied in [1], Sect. 12.13.)

When trying to extend the scheme of proof of (2.5) to this situation, one
soon realizes that the fact that there are two copies of the model creates an
interaction term that has the wrong sign to make the argument work. On the
other hand, the fact that we deal with coupled copies (as opposed to uncoupled
copies) means that through general principles (use of convexity as explained
in [1], Sect. 2.12), for most values of λ one can expect E〈(R1,2 − E〈R1,2〉)2〉
to be small, and the terms with a wrong sign need not to be devastating. The
paper [4] follows this approach, that unfortunately gets bogged into impossible
difficulties (but that I mention as I still hope that it could be useful at some
point).

The difficulty created by these terms with a wrong sign is bypassed by the
simple device of restricting the coupled system to a set where R1,2 is constant
(a drastic way to control the value of R1,2), i.e., to control

1
N

E log
∑

R1,2=u

exp(HN (σ1) + HN (σ2)). (2.12)

Controlling this for a single value of u with |u − q| ≥ ε is almost as good as
controlling the similar quantity where the summation is over |R1,2 − q| ≥ ε,
because there are at most 2N + 1 possible values of u, since NR1,2 is an
integer. To control the quantity (2.12), consider a pair of jointly Gaussian
r.v. (g1, g2) with E(g1)2 = E(g2)2 = q, Eg1g2 = �, and (g1

i , g2
i ) independent

copies of this pair, that are also independent of the r.v. (gij) of (2.1). For
0 < t < 1, consider

HN,t(σ1,σ2) = β

(√
t

N

∑

i<j

gij(σ1
i σ1

j + σ2
i σ2

j ) +
√

1 − t
∑

i≤N

(g1
i σ1

i + g2
i σ2

i )
)

+ h
∑

i≤N

(σ1
i + σ2

i ),

and

ϕN (t) =
1
N

E log
∑

R1,2=u

expHN,t(σ1,σ2).

Proceeding as in (2.4) we obtain

ϕ′
N (t) ≤ β2

2
((1 − q)2 + (u − �)2). (2.13)



70 M. Talagrand

Now, for λ ≥ 0, we have

ϕN (0) =
1
N

E log
∑

R1,2=u

exp
(∑

i≤N

g1
i σ1

i + g2
i σ2

i

)

= −λu +
1
N

log
∑

R1,2=u

exp
(∑

i≤N

(g1
i σ1

i + g2
i σ2

i ) + λ
∑

i≤N

σ1
i σ2

i

)

≤ −λu +
1
N

log
∑

σ1,σ2

exp
(∑

i≤N

(g1
i σ1

i + g2
i σ2

i ) + λ
∑

i≤N

σ1
i σ2

i

)

= −λu + 2 log 2 + E log(ch(g1 + h)ch(g2 + h)chλ + sh(g1 + h)sh
× (g2 + h)shλ)

and we get the bound

1
N

E log
∑

R1,2=u

exp(HN (σ1) + HN (σ2))

≤ 2 log 2 + inf
(
−λu +

β2

2
((1 − q)2 + (u − �)2)

+ E log
(
ch(βg1 + h)ch(βg2 + h)chλ

+ sh(βg1 + h)sh(βg2 + h)shλ
))

,

(2.14)

where the infimum is taken over all possible choices of q and �. (The case
q = � of this result is considered in Proposition 2.9.6 of [1].)

Let us now make a (very unpleasant) observation, that introduces us to
one of the recurrent ideas of this paper. For any u, the left-hand side of (2.14)
is at most 2pN (where pN is defined in (2.5)). Yet, it does not seem obvious
at all that the right-hand side of (2.14) is less than twice the right-hand side
of (2.6). It is not difficult to prove this when β is small enough (which is
fortunate since in that case the bound (2.14) becomes tight as N → ∞). The
problem is for large β.

The discrepancy between the bounds (2.6) and (2.14) has a simple
explanation. The bound (2.14) can be improved for large β, as we will show
in Sect. 3. Later in the paper we will find discrepancies between bounds for
which we have yet no explanation to offer.

3 Guerra’s Broken Replica-Symmetry Bound

One can argue that after all the bound (2.6) relies on the standard technique
of Gaussian interpolation (and on a serious dose of optimism, just to believe
that such a miracle is possible). The far-reaching generalization presented
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here (also due to Guerra) must have required a far deeper insight. We will
directly explain this procedure in the general setting of (2.7) and (2.9). We
consider an integer k and numbers 0 = m0 < m1 < · · · ≤ mk = 1, and
0 = q0 ≤ q1 ≤ · · · ≤ qk+1 = 1. We write

m = (m0, . . . ,mk); q = (q0, . . . , qk, qk+1). (3.1)

Consider independent Gaussian r.v. (zp)0≤p≤k with

Ez2
p = ξ′(qp+1) − ξ′(qp),

and independent copies (zi,p)i≤N of the sequence (zp)0≤p≤k, that are of course
independent of the randomness of HN . For 0 ≤ t ≤ 1 we consider the
Hamiltonian

HN,t(σ) =
√

tHN (σ) +
√

1 − t
∑

i≤N

σi

( ∑

0≤p≤k

zi,p + h
)
.

We define (keeping the dependence in N implicit)

Fk+1,t = log
∑

σ

exp HN,t(σ).

Denoting by El expectation in the r.v. (zl,p) for i ≤ N and p ≥ l, we define
recursively

Fl+1,t =
1

ml
log El exp mlFl+1,t.

When ml = 0 this means that Fl,t = ElFl+1,t. We set

ϕN (t) =
1
N

EF1,t,

where the expectation is now in the randomness of HN and the variables zi,0.
We define

Wl = exp ml(Fl+1,t − Fl,t).

Denoting by 〈·〉t an average for the Gibbs measure with Hamiltonian Ht it is
easily seen that the map

f �→ El(Wl · · ·Wk〈f〉t)

is given by integration against a probability measure γl on ΣN = {−1, 1}N .
We denote by γ⊗2

l its product on Σ⊗2
N , and for a function f on Σ2

N we set

µl(f) = E(W1 · · ·Wl−1γ
⊗2
l (f)).

We define
θ(q) = qξ′(q) − ξ(q). (3.2)
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Theorem 3.1. (Guerra’s identity [5]) We have

ϕ′
N (t) = −1

2

∑

1≤l≤k

ml(θ(ql+1) − θ(ql))

− 1
2

∑

1≤l≤k

(ml − ml−1)µl(ξ(R1,2) − R1,2ξ
′(ql) + θ(ql)) + R,

(3.3)

where |R| ≤ c(N).

When ξ is convex, we have ξ(x) − xξ′(q) + θ(q) ≥ 0, so that (3.3) yields

ϕ′
N (1) ≤ ϕ(0) − 1

2

∑

1≤l≤k

ml(θ(ql+1) − θ(ql)) + c(N). (3.4)

To compute ϕ(0), we consider the r.v. Xk+1 = log ch(h +
∑

0≤p≤k zp), and,
recursively, for l ≥ 1 we define Xl = m−1

l log El exp mlXl+1, where El denotes
expectation in the r.v. zp, p ≥ l. When ml = 0, this means that Xl = ElXl+1.
We define

X0 = EX1, (3.5)

and it is very easy to check that ϕ(0) = log 2 + X0. We define

P(k, q,m) = log 2 + X0 −
1
2

∑

1≤l≤k

ml(θ(ql+1) − θ(ql)), (3.6)

so that (3.4) implies

ϕN (1) ≤ P(k, q,m) + c(N).

Since this bound holds for all the choices of k, q, and m, we have the following.

Theorem 3.2. (Guerra’s bound) If ξ is convex, we have

lim sup
N→∞

1
N

E log
∑

σ

expHN (σ) ≤ P := inf P(k, q,m), (3.7)

where the infimum is over all possible choices of the parameters.

Of course the letter P stands for Parisi, who invented this expression. It
was recently shown that in some cases the bound (3.7) is tight, as the following
explains.

Theorem 3.3. [10] Assume that ξ is convex, that ξ(x) = ξ(−x), ξ(0) = 0
and ξ′′(x) > 0 for x > 0. Given t0 < 1 we can find ε > 0 with the following
property. Consider k, q and m such that

P(k, q,m) ≤ P + ε (3.8)
P(k, q,m) is minimum over all choices of q and m (3.9)
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as in (3.1). Then for t ≤ t0 we have

lim
N→∞

ϕN (t) = log 2 + X0 −
t

2

∑

0≤l≤k

ml(θ(ql+1) − θ(ql)), (3.10)

where X0 is as in (3.5). Consequently, we have

lim
N→∞

1
N

E log
∑

σ

expHN (σ) = P.

While there is a technical element in the proof of (3.10), due to the need
of using condition (3.9), the basic idea is somehow an elaboration of the ideas
explained in Sect. 1 (although the cavity method is not used). One proves
that the remainder terms in Guerra’s identity (3.3) are small, and the main
tools are a priori bounds in the spirit of (2.14). These bounds involve the
functionals µl. For simplicity we will discuss here only bounds involving the
Gibbs measure. These bounds extend (2.14) the way (3.7) extends (2.10).
We consider an integer τ ≥ 1, and numbers 0 = n0 < · · · ≤ nτ = 1. For
0 ≤ p ≤ τ , we consider independent pairs (z1

p, z2
p) of jointly Gaussian r.v. For

j, j′ ∈ {1, 2}, l ≤ τ , we define the numbers qj,j′

l by

ξ′(qj,j′

l ) =
∑

0≤p≤l

Ezj
pz

j′

p . (3.11)

We assume that q1,1
τ = q2,2

τ = 1. Given λ > 0, we define the r.v.

Yτ+1,λ = log
(

ch
(

h +
∑

p≤τ

z1
p

)
ch
(

h +
∑

p≤τ

z2
p

)
chλ

+ sh
(

h +
∑

p≤τ

z1
p

)
sh
(

h +
∑

p≤τ

z2
p

)
shλ

)

and, recursively,

Yl,λ =
1
nl

log El exp nlYl+1,λ,

where El denotes expectation in the r.v. zj
p, p ≥ l.

Proposition 3.4. For all choices of parameters as above we have

1
N

E log
∑

R1,2=u

exp(HN (σ1) + HN (σ2))

≤ 2 log 2 + Y0,λ − λu − 1
2

∑

j,j′≤2

∑

1≤l≤τ

nl(θ(q
j,j′

l+1) − θ(qj,j′

l ))

+ ξ(u) − ξ(q1,2
τ+1) − (u − q1,2

τ+1)ξ
′(q1,2

τ+1) + 4c(N).

(3.12)
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To prove the bound (2.14), one takes (z1
0 , z2

0) such that E((z1
0)2) =

E((z2
1)2) = β2q, E(z1

0z2
0) = β2� and (z1

1 , z2
1) independent of variance β2(1−q).

In the case of the SK model, Proposition 3.4 is essentially Theorem 2.11.14
of [1]. My intuition is that the infimum of the right-hand side of (3.12) over
all choices of parameters should not increase if one adds the requirement that
u = q1,2

τ+1. Still, the general formulation allowing u �= q1,2
τ+1 could be useful.

A very important feature of the bound (3.12) is that it avoids the problems
with the bound (2.14) that were discussed at the end of Sect. 2.2. Namely, the
infimum over all choices of parameters is ≤ 2P, an observation that is in
fact the main key to Theorem 3.3. To prove this, we consider k, m, and q as
in (3.1), and we choose the parameters in (3.12) to obtain a right-hand side
that is equal to 2P(k, q,m). We consider only the case u ≥ 0 (which is the
important one). Without loss of generality we can assume that u = qp for
some p (otherwise we insert u at its proper place in the sequence q). We then
take τ = n, nl = ml/2 if l < p, nl = ml if l ≥ p. For l < p, we choose z1

l = z2
l ,

with variance ξ′(ql+1)−ξ′(ql). If l ≥ p, we choose z1
l and z2

l independent, with
variance ξ′(ql+1) − ξ′(ql). When λ = 0, it is straightforward to see that the
right-hand side of (3.12) is 2P(k, q,m). In fact, Y0,0 = 2X0 and

∑

j,j=1,2

∑

1≤l≤n

nl(θ(q
j,j′

l+1) − θ(qj,j′

l )) = 2
∑

1≤l≤n

ml(θ(ql+1) − θ(ql)).

Given sequences m and q as in (3.1) it is convenient to think of ml as a
parameter attached to the interval [ql, ql+1[. The couple (q,m) then represents
a pairwise constant nondecreasing function xq,m. Let us write P(xq,m) rather
than P(k, q,m). It can be shown that the map xq,m �→ P(xq,m) extends
nicely to the class of non decreasing functions x with x(1) = 1. The extension
is pointwise continuous (when ξ(q) = β2q2/2, a nice quantitative version of
this statement is already given in [5]). The pointwise continuity of the map
x �→ P(x) implies that there exists x such that P(x) is minimum.

Problem 3.5 Prove that the minimum is obtained at a unique point x.

A probability measure ν on [0, 1] such that

∀q, ν([0, q]) = x(q)

while P(x) = infy P(y) will be called a Parisi measure. (So, there is always
at least one Parisi measure, but we do not know about uniqueness.)

Let us go back to the case of the Hamiltonian (2.11), so that ξ(q) =∑
β2

pqp, where the sum is over p even, p ≥ 2. To avoid convergence problems
we assume

∑
4pβp < ∞.

Theorem 3.6. [6] Assume h �= 0. If βp �= 0 for all p even, the Parisi measure
ν is unique. For every continuous function f on [0, 1], we have

lim
N→∞

E〈f(R1,2)〉 =
∫

f dν. (3.13)
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In words, ν is the limiting law of R1,2. Of course one would like to prove
this theorem for all sequences (βp). The condition h �= 0 is simply to avoid
symmetry around zero.

4 The Ultrametricity Conjecture

One of the most famous predictions about spin glasses is ultrametricity. To
state the conjecture, we consider three replicas, i.e., the product Gibbs mea-
sure on Σ3

N = ({−1, 1}N )3, and for a point (σ1,σ2,σ3) of this space we write
Rj,j′ = N−1

∑
i≤N σj

i σ
j′

i . The ultrametricity conjecture states that (when Σ3
N

is weighted with Gibbs’ measure) the Hamming distance d(σ1,σ2) = 1−R1,2

is ultrametric, i.e.,

d(σ1,σ3) ≤ max(d(σ1,σ2), d(σ2,σ3))

or, equivalently,
R1,3 ≥ min(R1,2R2,3).

The weak ultrametricity conjecture:

∀ε > 0, lim
N→∞

E〈1{R1,3≤min(R1,2,R2,3)−ε}〉 = 0. (4.1)

The strong ultrametricity conjecture:

∀ε > 0, E〈1{R1,3≤min(R1,2,R2,3)−ε}〉 ≤ K exp
(
−N

K

)
, (4.2)

where K does not depend on N .
It has been understood (mainly by G. Parisi [7], see also [8]) that (3.13),

together with ultrametricity and the (generalized) Ghirlanda–Guerra iden-
tities [9] would give a complete description of the joint limiting law of any
finite number of overlaps Rj,j′ (a result that contains much information about
the system). We do not want to discuss here the Ghirlanda–Guerra identities
(see Sects. 3.4 and 6.4 of [1]), but we want to stress that, while the identities
are true “in average” over the value of the parameters (e.g., the parame-
ters βp of the end of Sect. 3) it does not seem to me to be known how to
prove that they hold as N → ∞ for any value whatsoever of the parameters
where low temperature behavior occurs. (And statements to the contrary that
are in print should be dismissed.) This is related to an especially vexing ques-
tion, that we explain now in a simple case, that of the SK model. Consider

pN (β) =
1
N

E log
∑

exp
(

β√
N

∑

i<j

gijσiσj

)
.

This function is convex, and p′N (β0) remains bounded as N → ∞ for any β (in
fact, also independently of β). Thus p′′N (β) ≥ 0 remains bounded “in average
in any interval.”
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Problem 4.1 Prove that for any value of β0 one has

sup
N

sup
β≤β0

p′′N (β) < ∞. (4.3)

The following weaker version would also be of interest.

Problem 4.2 Prove that for any value of β0 one has

lim
N→∞

1
N

sup
β≤β0

p′′N (β) = 0. (4.4)

In fact, even the following is open.

Problem 4.3 Prove that there exists a value of β > 1 for which one has
(4.4).

It is not difficult to see that |p′′N (β)| ≤ LN , where L does not depend on
N or β, so that (4.4) is the weakest nontrivial statement. It is this kind of
statement one would need to prove the Ghirlanda–Guerra identities at any
given value of the parameters.

A natural method to attack the strong ultrametricity conjecture would be,
given u1,2, u1,3, u2,3, to find bounds for

1
N

E log
∑

Rj,j′=uj,j′

exp(HN (σ1) + HN (σ2) + HN (σ3)), (4.5)

where the summation is over all triples σ1,σ2,σ3 with Rj,j′ = uj,j′ for 1 ≤
j ≤ j′ ≤ 3, in such a way that these bounds stay away from 3P as u1,3 stays
below min(u1,2, u2,3). There is a natural extension of Proposition 3.4 to the
case of the expression (4.5). Consider an integer τ , and numbers 0 = n0 ≤ . . .
≤ nτ+1 = 1. For 0 ≤ p ≤ τ , consider independent triples (z1

p, z2
p, z3

p) of jointly

Gaussian r.v. For 1 ≤ j, j′ ≤ 3, define qj,j′

l by

ξ′(qj,j′

l ) =
∑

0≤p≤l

E(zj
pz

j′

p ).

Given numbers λ1, λ2, λ3, consider the r.v.

Yτ+1,λ1,λ2,λ3 = log
( ∑

ε1,ε2,ε3=±1

exp
(∑

j≤3

εj

(
h +

∑

p≤τ

zi
p

)

+ λ1ε2ε3 + λ2ε1ε3 + λ3ε1ε2

))
,

and define the r.v. Yl,λ1,λ2,λ3 recursively as usual.
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Proposition 4.4. For choices of these parameters as above, we have

1
N

E log
∑

Rj,j′=uj,j′

exp
(∑

j≤3

HN (σj)
)

≤
∑

1≤j<j′≤3

ξ(uj,j′) − ξ(qj,j′

τ+1) − (uj,j′ − qj,j′

τ+1)ξ
′(qj,j′

τ+1)

− 1
2

∑

j,j′=1,2,3

∑

1≤l≤τ

nl(θ(q
j,j′

l+1) − θ(qj,j′

l ))

+ Y0,λ1,λ2,λ3 − λ1u2,3 − λ2u1,3 − λ3u1,2 + 9c(N).

(4.6)

The puzzle is as follows. Given the numbers u1,2, u1,3, u2,3, it is absolutely
unclear to me that the infimum of the right-hand side of (4.6) is ≤ 3P (so
we are back in a situation as unpleasant as (2.14)). The only case where
this is clear is when the numbers uj,j′ satisfy the ultrametricity condition.
Let us explain what happens in the case 0 ≤ u = u1,3 = u2,3 ≤ u1,2 =
v ≤ 1. Considering sequences q,m as in (3.1), we want to find parameters
showing that the right-hand side of (4.6) is at most 3P(k, q,m). Without
loss of generality we can assume that u = qr, v = qs. We consider the subset
of [0, 1] that consists of the numbers ml/3, l < r, the numbers ml, ml/2 for
r ≤ l < s, and the numbers ml, r < l ≤ k. For clarity we assume that it does
not occur that ml = ml′/2 for r ≤ l, l′ < s. We enumerate these numbers as a
nondecreasing sequence (nl), 0 ≤ l ≤ τ . For l < r we have nl = ml/3, and we
take z1

l = z2
l = z3

l , of variance ξ′(ql+1) − ξ′(ql). If nl = mp/2 for r ≤ p < s,
z1

l = z2
l is of variance ξ′(qp+1) − ξ′(qp), and z3

l = 0. If nl = mp for r ≤ p < s,
then z1

l = z2
l = 0 and z3

l has variance ξ′(qp+1)− ξ′(ql). Finally, if nl = mp for
p > s, then z1

l , z2
l , z3

l are independent, of variance ξ′(qp+1) − ξ′(qp). We then
take λ1 = λ2 = λ3 = 0, and we check easily that the right-hand side of (4.6)
is then equal to 3P(k, q,m).

The situation in Proposition 4.4 is made complicated by the fact that we
are dealing with triplets; dimension 3 is often much harder than dimension 2.
As Sect. 5 shows, the same puzzle already arises in dimension 2.

5 The Chaos Problem

The general version of this problem is as follows [11–13]. We consider two
random functions U1

N , U2
N on ΣN , that are jointly Gaussian (centered); that

is, the family of r.v. U1
N (σ1), U2

N (σ2) for all values of σ1 and σ2 is jointly
Gaussian. Consider two real numbers h1, h2, and the Hamiltonian

Hj
N (σ) = U j

N (σ) + hj

∑

i≤N

σi.
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Consider the Hamiltonian

H1
N (σ1) + H2

N (σ2)

on Σ2
N , and the corresponding Gibbs measure. When is it true that the overlap

R1,2 takes only essentially one value? (In physics, this is interpreted by saying
that the “states” corresponding to the two systems with Hamiltonian Hj

N are
unrelated). In the case where U1

N = U2
N , if there is chaos (the overlap R1,2

takes essentially one value) as soon as h1 �= h2, one calls the situation “chaos
in external field.” If h1 = h2 and U1

N = β1VN , U2
N = β2VN , if there is chaos

as soon as β1 �= β2, one calls the situation “chaos in temperature.”
Let us assume that for some functions ξj,j′ , for j, j′ = 1, 2, we have

|ξj,j′(R1,2) −
1
N

E(U j
N (σ1)U j′

N (σ2))| ≤ c(N).

We define the functions

θj,j′(q) = qξ′j,j′(q) − ξj,j′(q).

Consider numbers 0 = n0 ≤ · · · ≤ nτ = 1 and for 0 ≤ p ≤ τ consider
independent pairs (z1

p, z2
p) of jointly Gaussian centered r.v. We define the

numbers qj,j′

l by
ξ′j,j′(qj,j′

l ) =
∑

0≤p<l

Ezj
pz

j′

p .

Consider a number λ. Define

Xτ+1,λ = log
(

ch
(

h1 +
∑

0≤p≤τ

z1
p

)
ch
(

h2 +
∑

0≤p≤τ

z2
p

)
chλ

+ sh
(

h1 +
∑

0≤p≤τ

z1
p

)
sh
(

h2 +
∑

0≤p≤τ

z2
p

)
shλ

)

and define recursively Xl,λ as usual.

Proposition 5.1. If the functions ξj,j′ are convex, we have

1
N

E log
∑

R1,2=u

exp(H1
N (σ1) + H2

N (σ2))

≤ ξ1,2(u) − ξ1,2(q
1,2
τ+1) − (u − q1,2

τ+1)ξ
′
1,2(q

1,2
τ+1)

+ 2 log 2 + X0,λ − λu

− 1
2

∑

j,j′=1,2

∑

1≤l≤τ

nl(θj,j′(qj,j′

l+1) − θj,j′(qj,j′

l )) + c(N).

(5.1)
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The problem again is that, unless u = 0, it does not seem obvious at
all that the infimum of the right-hand side over all values of parameters is
≤ P1 + P2 (with obvious notation). I see only three possibilities:

(a) The bound (5.1) is not the correct one. Maybe I do not understand well
the “general Parisi conjecture,” but it seems to me that, under this conjecture,
asymptotically the left-hand side of (5.1) is given by the infimum of the right-
hand side over all parameters, even if one adds the constraint q1,2

τ+1 = u. Would
it be possible that the Parisi theory is incomplete?

(b) There is some kind of analytical structure behind an expression like
the right-hand side of (5.1) that ensures that the infimum over the parameters
is ≤ P1 + P2 for a (very) nontrivial reason.
This, of course, is the most exciting possibility. The theory of spin glasses
will probably influence Probability theory in a lasting manner. Will it also
eventually influence analysis?

(c) I am totally confused ! The chaos problem is of particular interest in
the case h1 = h2 = 0, U1

N = β1VN , U2
N = β2VN , where

VN (σ) =
(

p!
Np−1

)1/2 ∑

i1<···<ip

gi1...ip
σi1 . . . σip

for some p given. In that case

ξj,j′(q) = βjβj′qp; θj,j′(q) = (p − 1)βjβj′qp.

When β1 and β2 are not too large, the value of Pj is obtained as P(k, q,m)
for k = 3, i.e., equal to the infimum over the choices of m and q of

log 2 +
β2

j

4
(1 − pqp−1) +

β2
j

4
(p − 1)qp(1 − m) +

1
m

log Ech
(
βz
√

pqp−1
)

where z is standard normal.
One would certainly expect in that case the infimum of the right-hand side

of (5.1) to be obtained for a small value of τ (probably τ ≤ 4). Let us denote
by ϕ(u) the value of this infimum. One expects that (as in the case β1 = β2)
when u increases from 0, ϕ(u) decreases at first, so we really have to care only
for the values of u such that ϕ(u) is a local maximum. In that case, if one
assumes, as is probably true, that the infimum of the right-hand side of (5.1)
is obtained for q1,2

τ+1 = u, one sees that when ϕ(u) is a local minimum, one
should have λ = 0. In other words, we cannot really take advantage of the
parameter λ in the bound (5.1), and the bound becomes even simpler, and
the mystery even deeper.

Acknowledgement

This work was partially supported by an NSF grant.



80 M. Talagrand

References

1. Talagrand, M (2003) Spin Glasses, a challenge for Mathematicians, Springer,
Berlin, Heidelberg, Newyork, 596 p.

2. Guerra, F (2001) Sum rules for the free energy in the mean field spin glass model,
Field Inst. Commun. 30, 161

3. Talagrand, M. (2003) The generalized Parisi formula, C. R. Acad. Sci. Paris
307, 2003, no. 2, pp. 111–114

4. Talagrand, M. (2002) On the high-temperature phase of the Sherrington–
Kirkpatrick model, Ann. Probab. 30, pp. 364–481

5. Guerra, F. (2003) Replica broken bounds in the mean field spin glass model,
Commun. Math. Phys. 233, pp. 1–12

6. Talagrand, M. (2006) Parisi measures, J. Func. Anal. 231 , no. 2, pp. 269–286
7. Parisi, G. (1998) On the probabilistic formulation of the replica approach to spin

glasses, Preprint, Cond-Math/90/1081
8. Baffioni, F., Rosati, F. (2000) Some exact results on the ultrametric overlap

distribution for mean field spin glass models, EPJ direct B2, 1–17
9. Ghirlanda S., Guerra, F. (1998) General properties of overlap probability dis-

tributions in disordered spin systems. Towards Parisi ultrametricity, J. Phys. A
31, pp. 9149–9155

10. Talagrand, M. (2006) The Parisi formula, Ann. Math. 106, pp. 221–263
11. Rizzo, T. (2000) Against chaos in temperature in Mean Field Spin Glass Models,

J. of Phys. A: Mathematical and general, 34, no 27, pp. 5536–5550
12. Rizzo, T., Crisante A. (2003) Chaos in temperature in the Sherrington–

Kirkpatrick model, Phys. Rev. lett. 90, pp. 137–201
13. Rizzo, T. Ultrametricity between states at different temperatures in Spin-Glasses,

Cond-Math preprint 0207071



Much Ado about Derrida’s GREM

Anton Bovier1,2 and Irina Kurkova3

1Weierstraß Institute for Applied Analysis and Stochastics
Mohrenstraße 39, 10117 Berlin, Germany
2Institute for Mathematics, Berlin University of Technology
Straße des 17. Juni 136, 10623 Berlin, Germany
e-mail: bovier@wias-berlin.de
3Laboratoire de Probabilitiés et Modèles Aléatoires, Université Paris 6
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Summary. We provide a detailed analysis of Derrida’s generalised random energy
model (GREM). In particular, we describe its limiting Gibbs measure in terms of
Ruelle’s Poisson cascades. Next we introduce and analyse a more general class of
continuous random energy models (CREMs) which differs from the well-known class
of Sherrington–Kirkpatrick models only in the choice of distance on the space of spin
configurations: the Hamming distance defines the later class while the ultrametric
distance corresponds to the former one. We express explicitly the geometry of its
limiting Gibbs measure in terms of genealogies of Neveu’s continuous state branching
process via an appropriate time change. We also identify the distances between
replicas under the limiting CREM’s Gibbs measure with those between integers of
Bolthausen–Sznitman coalescent under the same time change.

Key words: Gaussian processes, spin-glasses, generalised random energy
model, Poisson point processes, branching processes, coalescence.

1 Introduction

Through the remarkable progress achieved recently through the work of
Guerra [1], Aizenman, et al. [2], and Talagrand [3, 4] (see also this volume)
towards a rigorous justification of the Parisi solution in the Sherrington–
Kirkpatrick models, we have now a clear understanding of how Parisi’s replica
symmetry breaking solution for the free energy emerges. With the exception
of a regime in the p-spin SK models where one-step replica symmetry break-
ing occurs [5, 6], however, these results only justify the formula for the free
energy. The question of how the asymptotics of the Gibbs measure is described
in general, and whether it conforms to the picture suggested by the replica
theory remains open.

2000 Mathematics Subject Classification. 82B44.
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In this situation it may still be instructive to see how a picture like the
one predicted by replica theory emerges in another class of spin glass models,
the Generalized Random Energy models of Derrida and Gardner [7–9]. This
is reinforced by the fact that these structures play a crucial rôle in the Parisi
solution. In this article we give a concise review of a detailed rigorous analysis
of the asymptotics of the Gibbs measures in this class of models that we
carried out recently [10–12].

The class of models we consider here can be described as follows. Consider
the N -dimensional hypercube ΣN = {−1, 1}N endowed with the (normalised)
ultrametric distance

dN (σ, τ) = 1 − N−1(min{i : σi �= τi} − 1). (1.1)

Define a centred normal Gaussian process X on ΣN with covariance given by

E XσXτ = A(1 − dN (σ, τ)) (1.2)

for some non-decreasing right-continuous function A : [0, 1] → [0, 1].
The principal objects of interest are the Gibbs measures on ΣN :

µβ,N (σ) ≡ eβ
√

NXσ

Zβ,N
, σ ∈ ΣN , (1.3)

where the partition function, Zβ,N , is

Zβ,N =
∑

σ∈ΣN

eβ
√

NXσ . (1.4)

This class of models differs from the Sherrington–Kirkpatrick (SK) models
only in the choice of the distance (1.1). In fact, the SK models are defined
in the same way, but instead of the ultrametric distance dN one uses the
Hamming distance,

dH
N (σ, τ) = N−1#{i : σi �= τi}.

Then the Hamiltonian of the class of SK models has a covariance struc-
ture E XσXτ = A(dH

N (σ, τ)) with any function A such that the matrix of
A(dH

N (σ, τ)) is positively defined. Since N−1
∑

i σiτi = 1 − 2dH
N (σ, τ), the

choice of A(x) = (1 − 2x)2 corresponds to the original SK model [13].

1.1 History of the Models

In 1980 Derrida proposed the simplest spin-glass model, where the standard
Gaussian random variables Xσ are independent [14, 15]. It was called the
random energy model (REM). Note that this is a particular case of the model
(1.2) with A(x) = 1{x=1}.
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Xs1

Xs1. . .sn

Xs1s2

s1

s1 . . . sn s1 . . . sn

a 2 a 2 a 2

a n a n a n

a1
s1

s1s2
s1s2

Fig. 1. Structure of the Hamiltonian of the GREM

Derrida also introduced later [7] the generalised random energy model
(GREM) in view of keeping dependence while simplifying it to a hierarchi-
cal structure in order to obtain a more tractable model. The Hamiltonian
of the GREM can be constructed explicitly in terms of i.i.d. Gaussian ran-
dom variables. Namely, chose the parameters n ≥ 1 (number of hierarchies),
a1, a2, . . . , an ∈ [0, 1] with

∑n
i=1 ai = 1, and α1, α2, . . . , αn ∈ [1, 2] with∏n

i=1 αi = 2. Let us represent the hypercube ΣN as a product ΣN =∏n
i=1 ΣN ln αi/ ln 2 and write σ = σ1, . . . , σn where σi ∈ ΣN ln αi/ ln 2. Let

Xσ1 ,Xσ1σ2 , . . . , Xσ1···σn
be αN

1 +αN
1 αN

2 +· · ·+αN
1 · · ·αN

n independent standard
Gaussian random variables. Then the Hamiltonian of the GREM is given by:

Xσ =
√

a1Xσ1 +
√

a2Xσ1σ2 + · · · + √
anXσ1···σn

if σ = σ1 . . . σn. (1.5)

To get some intuition in (1.5), one could imagine a tree illustrated on
Fig. 1 : αN

1 branches of the first level are indexed by σ1. Each of these branches
supports αN

2 branches of the second level indexed by σ1σ2 : thus on the sec-
ond level there are (α1α2)N branches, etc. Each configuration σ = σ1 . . . σn is
represented uniquely as a path on this tree going from the top to the bottom
through the branches σ1, σ1σ2, . . ., σ1 . . . σn. If, moreover, we associate to
each of branches σ1 . . . σk a random variable Xσ1...σk

, then Xσ is the linear
combination of these random variables taken along the path associated with σ
and multiplied by coefficients

√
a1, . . . ,

√
an.

As can be verified by computing the covariance of Xσ, this model is a
special case of the models (1.2), where A(x) is a step function given as

A(x) =
k∑

i=0

ak, for x ∈ (ln(α0 · · ·αk)/ ln 2, ln(α0 · · ·αk+1)/ ln 2) , (1.6)

k = 0, 1, . . . , n, where a0 = 0, α0 = 1; see Fig. 2. The GREM was analysed
by Derrida and Gardner [7–9,16]. A rigorous computation of the free energy,
N−1 ln

∑
σ eβ

√
NXσ , in full generality was later given [17]. Derrida and Gardner

[8] also considered limits of their results as the number of steps tended
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P0

P1

P2

Pn = (1,1)

A(x)
a1 + a2

a1 + ... an = 1

a1

In a1 

In 2

In a1a2

In 2

In(a1
...an) 

In 2
= 1

+

Fig. 2. The function A(x) of the GREM

to infinity, and interpreted these results as corresponding to continuous
functions A.

While there were very few further rigorous results on these models (but
see [18, 19]), Ruelle in a seminal paper of 1988 [20] introduced a new class
of models based on Poisson cascades (to which we will henceforth refer to
as “Ruelle’s REM and GREM”), which he understood to be the appropriate
models to describe the limiting Gibbs measures of Derrida’s GREMs. Ruelle
noted a number of remarkable features of these models, and in particular
observed that it was possible to construct limits as the number of steps went
to infinity in terms of projective limits.

Shortly after that, Neveu [21] observed a connection between Ruelle’s
models and continuous state branching processes. Unfortunately, this remark
appeared only in a preliminary internal report that was never published. Later,
Bolthausen and Sznitman in [22] interpreted the results of the replica theory
of spin glasses in terms of a coalescent process, now known as the Bolthausen–
Sznitman coalescent. Following this paper, Bertoin and Le Gall [23] gave
a precise and complete form of the relation between Neveu’s continuous
state branching processes, Ruelle’s GREM, and the Bolthausen–Sznitman
coalescent.

Around the time when these fascinating results appeared, we began to
investigate more closely the link to the original spin-glass models with Ruelle’s
models. In the REM, this connection was made in a paper with Löwe [24] (see
also [25] and [6, 26, 27]). These results were extended to the GREMs in [10],
using essentially elementary methods. We observed, however, that the use of
the so-called Ghirlanda–Guerra identities [28] allowed for a different approach
that circumvents parts of these explicit computations (this fact was first
observed in the REM by Talagrand [27], who also exploited these identities
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heavily in his work on the p-spin SK models [5,6,27,29]). It allowed us in [11]
to extend our convergence results to the general class of models defined above
with general right-continuous non-decreasing functions A(x) : [0, 1] → [0, 1].
We called this class continuous random energy models (CREM). Finally, com-
bining the results of [11] and those of Bertoin and Le Gall [23], we concluded
our investigation in [12] by linking our results to the continuous state branch-
ing process of Neveu. More precisely, we identified the geometry of the limiting
Gibbs measure proven to exist in [11] explicitly in terms of the genealogy of
Neveu’s branching process, which were defined in [23]. The role played by
these random genealogies in the Parisi solution can be most clearly seen in
the paper by Aizenman, Sims, and Starr [2] (see also this volume). We hope
that these examples help to explain to a mathematical audience what physicist
describe when they talk about “continuous replica symmetry breaking”.

1.2 Geometry of Gibbs Measures

The central problem one is faced with when analysing mean field spin glasses
is to describe the geometric structure of a random probability measure (1.3)
on a set ΣN as N → ∞. Two scenarios can be expected

1. At high temperatures (small β) this measure will be spread over an
exponentially large set of configurations that is distributed rather uni-
formly over the hypercube.

2. At low temperatures (large β) this measure will concentrate on a very
small subset of configurations σ, with a rather complicated structure, cor-
responding to the largest values of Xσ, while the mass of the enormous
amount of all other configurations σ will be negligible.

These statements are easily proven in the REM, using the classical theory
of extremes of i.i.d. random variables [30]. Let us briefly recall these results.
To be able to embed all hypercubes ΣN , N ∈ N, in the same compact space,
it is convenient to map them to the unit interval via the canonical maps
rN : ΣN → [0, 1]:

rN (σ) = 1 −
N∑

i=1

2−i−1(1 + σi). (1.7)

For finite N , the Gibbs measure is then mapped to a discrete measure on [0, 1]
concentrated on 2N points:

µ̃β,N =
∑

σ∈ΣN

µβ,N (σ)δrN (σ) (1.8)

with distribution function

θβ,N (x) =
∫ x

0

d µ̃β,N . (1.9)
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It was proved in [25] that

θβ,N
D→

⎧
⎪⎨

⎪⎩

y = x if β ≤
√

2 ln 2
Sβ/

√
2 ln 2(x)

Sβ/
√

2 ln 2(1)
if β >

√
2 ln 2.

(1.10)

This means that µ̃β,N converges to the Lebesgue measure on [0, 1] at high
temperatures, confirming scenario (1). The random function Sβ/

√
2 ln 2(x) is a

stable subordinator with the index β/
√

2 ln 2, i.e. a step function that jumps
at random points, ti, i = 1, 2, . . ., which are distributed uniformly on [0, 1].
The values of jumps wi are also random and can be expressed as

wi =
e(β/

√
2 ln 2)xi

∑
j e(β/

√
2 ln 2)xj

, (1.11)

where x1 > x2 > · · · are the atoms of the Poisson point process P on R

with intensity measure e−xdx. This confirms scenario (2): at low temperatures
the limiting Gibbs measure concentrates on a countable number of randomly
chosen configurations corresponding to points ti ∈ [0, 1].

This description of the limiting Gibbs measure does not give any informa-
tion about its geometry. But to define the geometry of a measure on the infinite
dimensional hypercube, it is necessary, first of all, to specify a topology. The
conventional choice of the product topology is not suitable to capture the fact
that these measures tend to concentrate on individual random configurations.
To resolve this problem we introduce the following construction. Let

mσ(t) = µβ,N (τ : dN (σ, τ) ≤ 1 − t) (1.12)

be the picture of the landscape of the Gibbs measure taken from a given
configuration σ. The function 1−mσ(t) is a random distribution function on
[0, 1]. In this way we get 2N different pictures of the landscape of the Gibbs
measure taken from different configurations σ. It seems reasonable to subject
the importance of each of these pictures to the Gibbs mass, µβ,N (σ), of its
starting point, σ. In this way we construct the random probability measure

Kβ,N ≡
∑

σ∈ΣN

µβ,N (σ)δmσ(·) (1.13)

on these distribution functions mσ(t) that attributes to each function mσ(t)
the weight µβ,N (σ). We call Kβ,N the empirical distance distribution function.
It has a very appealing physical interpretation: it tells, for a fixed realisation
of the disorder, with which probability an observer, that is himself distributed
with the Gibbs measure, will see a given distribution of mass around himself.
Convergence results for the Gibbs measures will be formulated in term of
convergence of the law, under the Gaussian process Xσ, of Kβ,N . A key object
is the first moment of Kβ,N :

∫
Kβ,N (dm)m(·) = µ⊗2

β,N (σ, τ : dN (σ, τ) ∈ ·), (1.14)
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which is the probability that two configurations, σ, τ , drawn independently
from the Gibbs sample satisfy dN (σ, σ′) ∈.

In the case of the REM, the limit of Kβ,N is a rather simple object:

Kβ,N
D→

⎧
⎨

⎩

δδ(0) β ≤
√

2 ln 2∑

wi

wiδwiδ(0)+(1−wi)δ(1) β >
√

2 ln 2. (1.15)

It will manifest much more rich and interesting structure in the case of the
GREM and CREM, as we will see.

1.3 Point Process of Extremes

To describe efficiently the behaviour of the limiting Gibbs measure according
to scenario (2), it is necessary to know the maximal values of the Gaussian
process Xσ. In the case of independent variables the corresponding result is
well known. First of all maxσ∈ΣN

XσN−1/2 →
√

2 ln 2 a.s. from where for any
ε > 0

P(∀σ : Xσ <
√

N(
√

2 ln 2 + ε)) → 1, P(∀σ : Xσ <
√

N(
√

2 ln 2 − ε)) → 0.

To get the limiting value here between 0 and 1, one should take ε = εN → 0
as N → ∞. It turns out that the right function depending on the parameter
x ∈ R is

uln α,N (x) =
√

2N ln α +
x√

2N ln α
− ln N + ln lnα + ln 4π

2
√

2N ln α
, (1.16)

with α = 2 as

P(∀σ : Xσ < uln 2,N (x)) → e−e−x

, N → ∞.

Thus, we come to the classical result on the convergence of extreme value
statistics in the case where Xσ are 2N independent Gaussian random variables.
It says that the point process

∑

σ∈ΣN

δu−1
ln 2,N

(Xσ)

D→ P (1.17)

converges weakly to the Poisson point process P on R with the intensity
measure e−xdx, see e.g. [30]. This result is the crucial ingredient in the proof
of (1.10) and clarifies the meaning of (1.11).

To start the analysis of the GREM, we need an analogous result in the case
of correlated Gaussian random variables. Results of this kind in the correlated
case are much more scarce. Most of them establish conditions under which the
same limiting point process arises as for the independent random variables.
We will see that this is in general not the case for the random variables (1.5)
correlated as in the Hamiltonian of the GREM.
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1.4 Organisation of the Paper

The remainder of the paper is organised as follows. Sect. 2 is devoted to conver-
gent point processes associated with the Hamiltonian of the GREM. Namely,
we find the point process of extreme value statistics of its Hamiltonian. These
results can be viewed as those on convergence of extreme value statistics for
correlated Gaussian random variables independently of the context of spin
glasses. In Sect. 3 we study the GREM (1.5) with finitely many hierarchies.
In particular we identify the limit of Kβ,N for this model with Ruelle’s prob-
ability cascades. In Sect. 4 we analyse the general case of CREM’s (1.1), (1.2)
with a “continuum of hierarchies”. We prove the existence of the limit of Kβ,N

by the so-called “Ghirlanda–Guerra” identities, i.e. identifying limits of all its
moments. In Sect. 5 we describe explicitly the limit of Kβ,N in terms of the
genealogical structure of Neveu’s continuous state branching process modulo
an appropriate time change depending only on β and on the concave hull of A.
Notations. When A is a step-function as on Fig. 2, we will denote by A(x) its
linear interpolation. Its graph consists of the segments [P0, P1], [P1, P2], . . . ,
[Pn−1, Pn] where Pk = (

∑k
i=0 ak, ln(α0 · · ·αk)/ ln 2) for k = 0, . . . , n, with

a0 = 0, α0 = 1 so that P0 = (0, 0) and Pn = (1, 1), see Fig. 2.
We will denote by Â(x) the concave hull of the function A(x) and by Â′(x)

the right derivative of the concave hull of A, see Fig. 5.

2 Convergent Point Processes Associated to the GREM

In Theorem 2.1 we give a necessary and sufficient condition on the parameters
ai, αi which assure that point process of extreme value statistics of GREM’s
Hamiltonian (1.5) is the same as in the case of independent random variables
(1.17). This condition is the convexity of the linear interpolation A(x). In
other words, the concave hull of A(x) should be the straight line y = x. It is
illustrated on Fig. 3a. This condition is strictly weaker than the sufficient con-
dition implied by Slepian’s lemma on the comparison of Gaussians. (Theorem
4.2.1 in [30]). We use the notation (1.16).

Theorem 2.1. [10] Let n ∈ N, n ≥ 1, 0 < ai < 1 with
∑n

i=1 ai = 1, αi > 1,
i = 1, 2, . . . , n. The point process

∑

σ=ΣN

δu−1
ln 2,N(√a1Xσ1+

√
a2Xσ1σ2+···+√

anXσ1σ2...σn)

converges weakly to the Poisson point process P on R with the intensity
measure Ke−xdx, K ∈ R, if the linear interpolation A(x) is convex, that is

ai + ai+1 + · · · + an ≥ ln(αiαi+1 · · ·αn)/ ln ᾱ for all i = 2, 3, . . . , n, (2.1)
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Fig. 3. (a) Condition (2.1), (b) condition (2.5)

see Fig. 3a. If all inequalities in (2.1) are strict, then K = 1. If some of the
relations are equalities, then

0 < K < 1.1

The next lemma gives a sufficient condition for the convergence of the
multi-dimensional point process to the point process of Poisson cascades
defined by Ruelle in [20]. This is a generalisation of Theorem 3 of [19]: we do
not specify the law of the vectors Yσ1...σi

, neither assume their independence.

Lemma 2.1. [10] Let αi ≥ 1, i = 1, 2, . . . , k, ᾱ ≡
∏k

i=1 αi. Let Yσ1 ,
Yσ1σ2 , . . . , Yσ1...σk

be αN
1 + · · · + (α1 · · ·αk)N identically distributed random

variables. Assume that 1 + αN
1 + · · · + (α1 · · ·αk−1)N vectors

(Yσ1)σ1∈{−1,1}N ln α1/ ln ᾱ , (Yσ1σ2)σ2∈{−1,1}N ln α2/ ln ᾱ∀σ1 ∈ {−1, 1}N ln α1/ ln ᾱ,

. . . , (Yσ1σ2...σk
)σk∈{−1,1}N ln αk/ ln ᾱ ∀ σ1 . . . σk−1 ∈ {−1, 1}N ln(α1···αk−1)/ ln ᾱ

are independent.
Let vN,1(x), . . . , vN,k(x) be functions on R such that the following point

processes
∑

σ1

δvN,1(Yσ1 )
D→ P1

∑

σ2

δvN,2(Yσ1σ2 )
D→ P2 ∀σ1

· · · (2.2)
∑

σk

δvN,k(Yσ1σ2...σk
)

D→ Pk ∀σ1 . . . σk−1

1 Explicit expressions for K are given in [10].
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converge weakly to the Poisson point processes P1, . . . ,Pk on R with the inten-
sity measures K1e

−xdx, . . . ,Kke−xdx with some constants K1, . . . ,Kk > 0,
respectively. Then the following point process on R

k:

P(k)
N ≡

∑

σ1

δvN,1(Yσ1 )

∑

σ2

δvN,2(Yσ1σ2 ) · · ·
∑

σk

δvN,k(Yσ1σ2...σk
)

D→ P(k)

converges weakly to a point process, P(k), called a k-level Poisson cascade,
on R

k.

Structure of P(k). The Poisson cascades P(k) can be characterised in terms
of their Laplace transforms, see [10]. Informally, they are best described as
follows [20]: If k = 1, it is a ordinary Poisson point process on R with intensity
measure K1e

−xdx. To construct P2 on R
2, we place the process P1 for k = 1

on the axis of the first coordinate and through each of its points draw a straight
line parallel to the axis of the second coordinate. Then we put on each of these
lines independently a Poisson point process with intensity K2e

−xdx. These
points on R

2 form the process P2. This procedure is now simply iterated k
times.

Theorem 2.1 and Lemma 2.1 combined to give a first important result,
that establishes which convergent point processes may be constructed in the
GREM: one can group together the hierarchies between the levels J0, J1, . . . ,
Jm, if condition (2.5) is verified. This condition is illustrated in Fig. 3b: it
means the convexity of the function A(x) between the levels J0, J1, . . . , Jm.

Theorem 2.2. [10] Let αi ≥ 1, 0 < ai < 1, i = 1, 2, . . . , n,
∏n

i=1 αi = 2,∑n
i=1 ai = 1. Let J1, J2, . . . , Jm ∈ N be the indices 0 = J0 < J1 < J2 < · · · <

Jm = n. We denote by āl ≡
∑Jl

i=Jl−1+1 ai, ᾱl ≡
∏Jl

i=Jl−1+1 αi, l = 1, 2, . . . ,m,
and introduce the standard Gaussian random variables

X̄
σ1...σJl−1
σJl−1+1σJl−1+2···σJl

≡
(√

aJl−1+1Xσ1...σJl−1σJl−1+1

+√
aJl−1+2Xσ1...σJl−1σJl−1+1σJl−1+2

+ · · · + √
aJl

Xσ1...σJl−1σJl−1+1...σJl

)
/
√

āl. (2.3)

Assume that a partition J1, J2, . . . , Jm satisfies the following condition: for all
l = 1, 2, . . . ,m and all k such that Jl−1 + 2 ≤ k ≤ Jl

(ak + ak+1 · · · + aJl−1 + aJl
)/āl ≥ ln(αkαk+1 · · ·αJl−1αJl

)/ ln(ᾱl). (2.4)

If AJ (x) is the linear interpolation of the points (0, 0), PJ1 , PJ2 , . . . , PJm
=

(1, 1), condition (2.4) is equivalent to

A(x) ≤ AJ(x) ∀x ∈ [0, 1], (2.5)
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(see Fig. 3b), then the point process

P(m)
N ≡

∑

σ1...σJ1

δu−1
ln ᾱ1,N

(X̄σ1...σJ1
)

∑

σJ1+1...σJ2

δ
u−1

ln ᾱ2,N
(X̄

σ1...σJ1
σJ1+1...σJ2

)
· · ·

∑

σJm−1+1...σJm

δ
u−1

ln ᾱm,N
(X̄

σ1...σJm−1
σJm−1+1...σJm

)
(2.6)

converges weakly in distribution to the point process P(m) on R
m, defined in

Lemma 2.1, with constants K1, . . . ,Km. Moreover, Kl = 1, if all Jl −Jl−1−1
inequalities in (2.4) for k = Jl−1+2, . . . , Jl are strict. Otherwise, 0 < Kl < 1.2

It is clear that the point process of extreme values of the Hamiltonian can
be constructed from one of the partitions of Theorem 2.2. This is the one
that allows to group together the maximal number of hierarchies: among all
series of indices J1, . . . , Jm satisfying (2.4) one should choose the one with the
largest differences J1 − J0, . . . , Jm − Jm−1. To define it, we set J0 ≡ 0 and

Jl ≡ min{J > Jl−1 : AJl−1+1,J > AJ+1,k ∀k ≥ J + 1}

whereAj,k ≡
∑k

i=j ai

2 ln(
∏k

i=j αi)
. (2.7)

The sequence J1, . . . , Jm, defined by (2.7), verifies (2.4), for all k, such
that Jl−1 + 2 ≤ k ≤ Jl and all l = 1, 2, . . . , m. This choice of the parti-
tion J1, J2, . . . , Jm (2.7) has a beautiful geometric interpretation: the linear
interpolation AJ (x) of (0, 0), PJ1 , . . . , PJm

= (1, 1) is the concave hull of the
function A(x), see Fig. 4. We set

āl ≡
Jl∑

i=Jl−1+1

ai, ᾱl ≡
Jl∏

i=Jl−1+1

αi, γl ≡
√

āl

2 ln ᾱl
=

√
(Â)′(PJl−1 )

2 ln 2 ,

l = 1, 2, . . . ,m, (2.8)

see Fig. 4. Next, let us define the function UJ,N as

UJ,N (x) ≡
m∑

l=1

(√
2Nāl ln ᾱl − N−1/2γl(ln(N(ln ᾱl)) + ln 4π)/2

)
+ N−1/2x

(2.9)
and the point process

EN ≡
∑

σ∈{−1,1}N

δU−1
J,N

(
√

a1Xσ1+···+√
anXσ1···σn ). (2.10)

2Explicit expressions for K are given in [10].
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a1 + a2

a1

a1 + ... + am = 1

PJ0

PJm

PJ1

PJ2

= q0 = q1 = q2

A(x)

A(x)

In (a1a2)In a1 In (a1
...am)

= 1

= (1,1)

In 2 In 2 In 2

Fig. 4. The function Â(x), with parameters (2.8), (3.6).

Theorem 2.3. [10] (i) The point process EN converges weakly, as N ↑ ∞, to
the point process on R

E ≡
∫

Rm

P(m)(dx1, . . . , dxm)δ∑m

l=1
γlxl

(2.11)

where P(m) is a Poisson cascade (introduced in Lemma 2.1) with constants
K1, . . . ,Km, as defined in Theorem 2.2 according to the partition J1, . . . , Jm

of (2.7) and the parameters γ1, . . . , γm defined by (2.8).
(ii) The inequalities γ1 > · · · > γm imply the existence of E.
(iii) We have maxσ(Xσ/

√
N) →

√
ā12 ln ᾱ1 + · · ·+

√
ām2 ln ᾱm a.s. and also

E(maxσ Xσ/
√

N) →
√

2ā1 ln ᾱ1 + · · · +
√

2ām ln ᾱm.

3 GREM: Detailed Analysis

3.1 Fluctuations of the Partition Function

For any sequence of indices 0 < J1 < · · · < Jm = n, the partition function
(1.4) of the GREM can be written as:

Zβ,N = e

∑m

j=1

(
βN

√
2āj ln ᾱj−βγj [ln(N ln ᾱj)+ln 4π]/2

)

×
∑

σ1...σJ1

e
βγ1u−1

ln ᾱ1,N
(X̄σ1...σJ1

) · · ·

∑

σJm−1+1...σJm

e
βγmu−1

ln ᾱm,N
(X̄

σ1...σJm−1
σJm−1+1...σJm

)
, (3.1)
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where āl ≡
∑Jl

i=Jl−1+1 ai, ᾱl ≡
∏Jl

i=Jl−1+1 αi, γl ≡ √
āl/

√
2 ln ᾱl, l =

1, 2, . . . ,m, and the random variables X̄
σ1...σJl−1
σJl−1+1...σJl

are defined in (2.3). For
any sequence J1, . . . , Jm, satisfying conditions (2.4), the point process (2.6) in
the exponent of (3.1) converges to the corresponding Poisson cascade by Theo-
rem 2.2. The sequence constructed according to (2.7) gives the correct scale of
fluctuations of Zβ,N via (3.1). Nevertheless it should be cut at a certain level
Jl(β) that depends on the temperature: using the sequence γ1 > γ2 > · · · > γm

defined in (2.8), we set

l(β) ≡ max{l ≥ 1 : βγl > 1} (3.2)

and l(β) ≡ 0 if βγ1 ≤ 1. This definition (3.2) has a simple geometric
interpretation:

l(β) ≡ max

⎧
⎨

⎩l ≥ 1 : β

√
(Â)′(PJl−1)

2 ln 2
> 1

⎫
⎬

⎭ .

In [17], the limit of the free energy has been computed in terms of (2.8)
and (3.2):

lim
N→∞

N−1 ln ZN,β = β
(√

2ā1 ln ᾱ1 + · · · +
√

2āl(β) ln ᾱl(β)

)

+
n∑

i=Jl(β)+1

(β2ai/2 + lnαj), a.s. (3.3)

We see that the domain {β : l(β) = 0} = {β : β ≤ 1/γ1} is the high tempera-
ture region, where limN→∞ = 1

N E ln Zβ,N = limN→∞
1
N lnE Zβ,N . Theorem

3.1 gives the fluctuations of the partition function.

Theorem 3.1. [10] Let αi ≥ 1, 0 < ai < 1, i = 1, 2, . . . , n,
∏n

i=1 αi = 2,∑n
i=1 ai = 1. Let J1, J2, . . . , Jm ∈ N be the sequence of indices defined by

(2.7), the parameters āi, ᾱi, γi be defined by (2.8) and l(β) be defined by (3.2).
If l(β) = 0, then Zβ,N

2N eβ2N/2 → C(β).
If l(β) > 1, then

e

∑l(β)

j=1

(
−βN

√
2āj ln ᾱj+βγj [ln(N ln ᾱj)+ln 4π]/2

)
−N
∑n

i=Jl(β)+1
(β2ai/2+ln αj)

Zβ,N

D→ C(β)
∫

Rl(β)
eβγ1x1+βγ2x2+···+βγl(β)xl(β)P(l(β))(dx1 . . . dxl(β)). (3.4)

This integral is computed over the Poisson cascades P(l(β)) on R
l(β), defined

in Lemma 2.1, with the constants Kj of Theorem 2.2. The constant

C(β) = 1, if βγl(β)+1 < 1, (3.5)

and 0 < C(β) < 1, if βγl(β)+1 = 1.3

3 Explicit formulae for C(β) are given in [10]
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3.2 Gibbs Measure: Approach via Ruelle’s Probability Cascades

We consider everywhere below āi, ᾱi, γi defined by (2.8) according to (2.7)
and l(β) defined by (3.2). Let us denote the jump points of the derivative of
the concave hull Â′(x) by

ql ≡
l∑

n=1

ln ᾱn

ln 2
, l = 1, 2, . . . ,m, (3.6)

with the convention q0 = 0. They are illustrated on Fig. 4. Let Bl(σ) be the
ball in ΣN with centre σ and radius 1 − q:

Bl(σ) ≡ {σ′ ∈ ΣN : dN (σ, σ′) ≤ 1 − ql} = {σ′ : σ′
1 . . . σ′

Jl
= σ1 . . . σJl

},
l = 1, 2, . . . , l(β). (3.7)

Let us define the point process W(m)
β,N on (0, 1]m as

W(m)
β,N ≡

∑

σ

δ(
µβ,N (B1(σ)),...,µβ,N (Bm(σ))

) µβ,N (σ)
µβ,N (Bm(σ))

(3.8)

and its projection on the last coordinate

R(m)
β,N ≡

∑

σ

δµβ,N (Bm(σ))
µβ,N (σ)

µβ,N (Bm(σ))
. (3.9)

It is easy to see that W(m)
β,N satisfy the following relation:

W(m)
β,N (dw1, . . . , dwm) =

∫ 1

0

W(m+1)
β,N (dw1, . . . , dwm, dwm+1)

wm+1

wm
,

where the integral is taken over the last coordinate wm+1. Theorem 3.2 gives
the limits of these point processes for all m ≤ l(β).

Theorem 3.2. [10] Let l(β) ≥ 1 i.e. β >

√
2 ln 2/(Â)′(0). If m ≤ l(β),

then the point process W(m)
β,N on (0, 1]m converges weakly, as N → ∞, to

the point process W(m)

β γ→, whose atoms w(i) are expressed through the points

(x1(i), . . . , xm(i)) of the Poisson cascade P(m) of Lemma 2.1, with constants
Kj of Theorem 2.2, as follows:

(w1(i), . . . , wm(i))

=
(∫ P(m)(dy)δ(y1−x1(i))e

β(γ,y)

∫
P(m)(dy)eβ(γ,y)

, . . . ,

∫
P(m)(dy)δ(y1−x1(i))...δ(ym−xm(i))eβ(γ,y)

∫
P(m)(dy)eβ(γ,y)

)
.

(3.10)
The vector γ→ = (γ1, . . . , γm) is defined by (2.8) according to (2.7). The process
R(m)

β,N converges to the process R(m)
β , where the atoms are the last components

of the atoms of (3.10).
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The balls Bl(β)(σ) are the smallest ones that have positive mass, µβ,N ,
as N → ∞: For m > l(β), µβ,N (Bm(σ)) → 0 for any σ ∈ ΣN . If Jl(β) = n,

i.e. β > 1/γm =
√

2 ln 2/ limx→1(Â)′(x), these balls consist of a single con-
figuration, σ. In this case the mass of the Gibbs measure is concentrated on
certain randomly chosen individual configurations. Otherwise, these balls con-
sist of all configurations having the same spins as σ starting from the first sit
up to the Jl(β)th site.

Definition 3.1. [20] The process W(m)

β γ→ defined in Theorem 3.2 is called

the process of probability cascades on [0, 1]m with m levels and parameters
βγ1 > · · · > βγm > 1. I

The most complete object of Theorem 3.2 is of course the process W(l(β))
β,N .

Thus, Theorem 3.2 asserts the convergence of the point process W(l(β))
β,N of

Derrida’s model with parameters n ≥ 1, ai, αi to the point process of prob-
ability cascades of Ruelle’s model with parameters l(β) and βγ1, . . . , βγl(β)

defined by (2.8) and (3.2). Let us also emphasize the fact that the parameters
of the limiting process of probability cascades depend only on the concave
hull Â(x) and on β.

3.3 Distribution of the Overlaps

One of the most important physical objects is the distribution of the overlap

σ · σ′

N
=
∑N

i=1 σiσ
′
i

N
(3.11)

of two spin configurations under the Gibbs measure:

f̃β,N (q) ≡ µ⊗2
β,N

( (σ · σ′)
N

≤ q
)
. (3.12)

In the context of the GREM it appears more natural to consider the ultra-
metric distance

fβ,N (q) ≡ µ⊗2
β,N

(
dN (σ, σ′) ≥ 1 − q

)
. (3.13)

Theorem 3.3 asserts the remarkable fact that the laws of these two objects
coincides in the thermodynamic limit.

Theorem 3.3. [10] The distribution functions fβ,N et f̃β,N converge in law
to the same distribution function fβ as N → ∞. Moreover E fβ,N → E fβ and
E f̃β,N → E fβ where

E fβ(q) = min
{

β−1

√
2 ln 2

(Â)′(q)
, 1
}

=

{
β−1
√

2 ln ᾱj

āj
if q ∈ [qj−1, qj), j ≤ l(β)

1 if q ≥ ql(β).
(3.14)
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The function fβ is a step function that jumps at points {0, q1, . . . , ql(β)}. For
any q ∈ [qi−1, qi)

fβ(q) =
∫

W(l(β))

β γ→ (dw1, . . . , dwl(β))wl(β)(1 − wi), i = 1, . . . , l(β); (3.15)

fβ(q) = 1 for q ≥ ql(β).

Rather then just considering the distribution of the total overlap, we can
give a more precise description of the Gibbs measure by considering the vector
of overlaps within each hierarchy. Let

∆l = [− ln ᾱl/ ln 2, ln ᾱl/ ln 2], for l = 1, 2, . . . , l(β) (3.16)
∆l(β)+1 = [− ln(αJl(β)+1 · · ·αn)/ ln 2, ln(αJl(β)+1 · · ·αn)/ ln 2].

It is clear that (σ̄l · σ̄′
l)/N ∈ ∆l, l = 1, . . . , l(β)+1. We introduce the measure

f
⊗l(β)+1
β,N on ∆1 ×∆2 × · · · ×∆l(β)+1 induced by σ̄l · σ̄′

l on all levels of limiting
probability cascades: for any Il ∈ ∆l, l = 1, . . . , l(β) + 1, we put

f
⊗l(β)+1
β,N (I1 × · · · × Il(β)+1) ≡

Eσ,σ′
∏l(β)+1

l=1 1I(σ̄l·σ̄′
l
)/N∈Il

eβ
√

N(Xσ+Xσ′ )

Z2
β,N

= µ⊗2
β,N

⎛

⎝
l(β)+1∏

l=1

1I(σ̄l·σ̄′
l
)/N∈Il

⎞

⎠ . (3.17)

Theorem 3.4. [10] The measure f
⊗l(β)+1
β,N converges in law to the following

measure on ∆1 × ∆2 × · · · × ∆l(β)+1:

f
⊗l(β)+1
β,N → Q0δ(0,0,...,0) +

l(β)∑

j=1

Qjδ(ln ᾱ1/ ln 2,...,ln ᾱj/ ln 2,0,...,0) N → ∞.

The random variables Q1, . . . , Ql(β) are defined as

Qj(β) ≡
∫

W(l(β))

β γ→ (dw1, . . . , dwl(β))wl(β)(wj − wj+11I{j≤l(β)−1}), j = 1, . . . , l(β).

3.4 Ghirlanda–Guerra Identities

The process W(l(β))

β γ→ has been constructed explicitly in Theorem 3.2 in terms

of Ruelle’s probability cascades. This allows to compute all its characteris-
tics. Now we present a different approach that determines W(l(β))

β γ→ completely,

without the use of Ruelle’s probability cascades. This amounts to the compu-
tation of all moments of W(l(β))

β γ→ by recursion, starting from the second one.

This approach will bear its full fruits in the analysis of the CREM.
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Lemma 3.1. [10] Then for any bounded function h : Σn
N → R and for any

i = 1, . . . , n
∣∣∣E µ⊗n+1

β,N

(
h(σ1, . . . , σn)1Iσk

1 ...σk
i
=σn+1

1 ...σn+1
i

)

− 1
n

E µ⊗n
β,N

(
h(σ1, . . . , σn)

( n∑

l 
=k

1Iσl
1...σl

i
=σk

1 ...σk
i

+ E µ⊗2
β,N (1Iσ1

1 ...σ1
i
=σ2

1 ...σ2
i
)
))∣∣∣

= δN (ai), (3.18)

where δN (x) ≥ 0 here and in the sequel denotes a parameter such that, for
any arbitrary small interval I,

lim
N↑∞

∫

I

δN (x)dx = 0. (3.19)

The proof of this lemma is based on the integration by parts of Gaussian
random variables coupled with a concentration of measure argument. The
form of the error term asserts that, as N increases, the left-hand side vanishes
eventually for almost all values of the parameters ai, but it does not imply
convergence for any fixed values. In the GREM, we could use the explicit
convergence results for the partition function to deduce that we get actually
convergence to zero for all but exceptional values of these parameters, but
this is somewhat contrary to the spirit to this approach and will not work for
the CREM or for SK models.

This lemma determines the so-called Ghirlanda–Guerra identities for the
GREM: it allows to compute the expected distance distribution function
between between n replicas under the Gibbs measure by the recurrence pro-
cedure (3.18) for n = 3, 4, . . . subsequently starting from n = 2. To see this,
it suffices to put the function h equal to the indicator function of distances
between n+1 replicas and to note that by (3.18) the term with n+1 replicas
is completely determined by the terms with n replicas and by the one with
two replicas

E µ⊗2
β,N (1Iσ1

1 ...σ1
i
=σ2

1 ...σ2
i
) = 1 − E fβ,N

( i∑

j=1

ln αj/ ln 2
)
,

that has been already computed in (3.14). In fact, let J ≡ (J0, . . . , JN ) be a set
of subsets of 1, . . . , n + 1 that determines the distances between n+1 replicas:
each element Jr = (Jr,1, . . . , Jr,jr

) is a collection of subsets of 1, . . . , n + 1 that
reassembles the numbers of configurations for which the first r coordinated of
the spin variables are equal. Then, for any Jr,i, there exists Jr−1,k, such that
Jr,i ⊂ Jr−1,k. Assume that Jr,i is the set of numbers {jr,i

1 , . . . , jr,i
|Jr,i|}. We can

then define the function:

AJ ≡
N∏

r=1

jr∏

i=1

1I
{σ

j
r,i
1

1 ...σ
j
r,i
1

r =···=σ
j
r,i

|Jr,i|
1 ...σ

j
r,i

|Jr,i|
r }

. (3.20)
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The length of J is ‖J‖ = n + 1. Let us construct a set J ′ of length n by
erasing everywhere in J the integer n+1. Indeed, there exists r ∈ {1, . . . , N},
such that there exists l ∈ {1, . . . , n}, such that n + 1 and l belong to the
same subset, Jr,i, of J , i.e. their first r coordinates coincide. If we choose the
maximal r with this property, this determines uniquely the participation of
n+1 everywhere in J : for any p = 1, 2, . . . , r−1 it belongs to the same subset
Jp,i as l. In other words, once the ultrametric distances between n replicas are
fixed, it suffices to specify the distance of the (n + 1)th replica to the closest
to it, in order to determine completely its distance to all other replicas. This
implies

AJ = AJ ′1Iσl
1...σl

r=σn+1
1 ...σn+1

r
. (3.21)

Hence, substituting h = AJ ′ in Lemma 3.1, we can compute limN→∞ E µ⊗n
β,N

(AJ ) subsequently for n = 3, 4, . . ., starting from n = 2, given by (3.14).

From the other hand, in [10], we expressed all moments of W(m)
β in terms

of AJ :
∫

W(m)
β,N (dw)wi1

1 . . . wil

l . . . wim
m

= µ
⊗(i1+···+im)
β,N

(
1I{σ1

1=···=σ
i1+···+im
1 } . . . 1I{σ

i1+···+il−1+1
1 ...σ

i1+···+il−1+1

l

= · · · = σi1+···+im
1 . . . σi1+···+im

l } · · · 1I{σ
i1+···+im−1+1
1 ...σ

i1+···+im−1+1
m

= · · · = σi1+···+im
1 . . . σi1+···+im

m }
)

(3.22)

where im ≥ 1, otherwise this expression is infinite. This implies the following
theorem.

Theorem 3.5. [10] The process W(m)

β γ→ is completely determined by the

relations (3.18) up to the mean value of the two-replica distance distribution
function given by (3.14).

Theorem 3.5 in the case of the REM has been first proven by Talagrand.
Lemma 3.1 implies also the following result, that has been remarked by Ruelle
in [20].

Corollary 3.1. The lth marginal of Ruelle’s process of probability cascades
W(m)

β γ→ with m levels and parameters βγ1 > · · · > βγm > 1 has the same

distribution as Ruelle’s process of one level with parameter βγl, l = 1, . . . ,m

To see this, we need to control all moments of this marginal that can be
expressed via the quantities µ⊗r

β,N

(
1I{σ1

1 ...σ1
l
=···=σr

1 ...σr
l
}
)
, which in turn satisfy

the identities (3.18) for r = 3, . . ., while for r = 2 they are defined by fβ(ql) =
(βγl)−1. But these identities are the same for the GREM with one hierarchy
(i.e. the REM), with the same two replica distance distribution. Consequently,
the lth marginal of W(m)

β,N , in the limit N → ∞ behaves as
∑

σ δµβ,N (σ) of

the REM at temperature β̃ = βγl

√
2 ln 2.
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3.5 Empirical Distance Distribution Function Kβ

The process W(l(β))
β,N is a point process on [0, 1]m. Its points (µβ,N (B1(σ)), . . . ,

µβ,N (Bl(β)(σ))) can be considered as values of the ultrametric distance dis-
tribution function around σ

mσ(x) = µβ,N (dN (σ, σ′) ≤ 1 − x) (3.23)

at points x = q0, . . . , ql(β). The limit of this distribution function is a step-
function that jumps precisely at these points. We could then consider W(l(β))

β,N

as a point process of these distribution functions: W(l(β))
β,N =

∑
σ δmσ(·).

This object is, however, not properly adapted to the CREM. In the analy-
sis of the CREM it is essentially imperative to replace it by the probability
measure on these distribution functions:

Kβ,N =
∑

σ

µβ,N (σ)δmσ(·), (3.24)

that we have introduced and discussed in the introduction. To conclude the
analysis of the GREM, we give its asymptotic behaviour in the following
theorem.

Theorem 3.6. [31] The process Kβ,N converges weakly to the point process Kβ

Kβ =
∫

Rl(β)
W(l(β))

β γ→ (dw)w(l(β))δm(w) (3.25)

where the measures m(w) are defined by the formulas :

m(w) = (1 − w(1))δ1

+ (w(1) − w(2))δ1−ln α1/ ln 2 + · · · + w(l(β))δ1−ln(α1···αl(β))/ ln 2. (3.26)

4 CREM: Implicit Approach

We start now the analysis of the CREM with covariances (1.2) where A(x) :
[0, 1] → [0, 1] is a right-continuous distribution function with the concave hull
Â(x) whose right derivative we denote by (Â)′(x); see Fig. 5a. We assume that
A is non-critical in the sense that it is equal to its concave hull Â only on the
set of extremal points of the convex hull.

4.1 Maximum of the Hamiltonian. Limit of the Free Energy

Theorem 4.1. [11] Let {Xσ} be a family of 2N standard Gaussian random
variables with covariances (1.2). Then

lim
N→∞

E max
σ

Xσ√
N

=
√

2 ln 2

1∫

0

√
(Â)′(x)dx. (4.1)
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A(x)
(x)Efβ

xβ

1 1

1 1

A(x)

(a) (b)

Fig. 5. (a) Concave hull of A(x), (b) The function (4.5).

Theorem 4.2. [11] Let {Xσ} be a family of 2N Gaussian random variables
with covariances (1.2). Let

xβ = sup
{

x
∣∣∣ (Â)′(x) >

2 ln 2
β2

}
. (4.2)

Then

lim
N→∞

N−1
E ln Zβ,N =

√
2 ln 2β

xβ∫

0

√
(Â)′(x)dx+

β2

2
(1− Â(xβ))+ln 2(1−xβ).

(4.3)
Consequently the critical temperature of the CREM defined as

β0 = sup{β : lim
N→∞

N−1E ln Zβ,N = lim
N→∞

N−1 lnE Zβ,N}

equals:

β0 =

√
2 ln 2

limx↓0(Â)′(x)
. (4.4)

The proofs of these theorems rely heavily on results already obtained for
the GREM. Namely, we approximate A(x) from above and below by step-
functions for which corresponding results have been already established in
Theorem 2.3 (ii) and (3.3) in the study of the GREM. Then the results
announced in Theorems 4.1 and 4.2 follow from theorems about the compar-
ison of the mean values of convex or concave functions of Gaussian processes
implied by the comparison of the covariances of these processes (see Theorem
3.1 in [32](Kahane’s Theorem)).

We are not able to evaluate the fluctuations of the partition function of
the CREM. We anticipate that they depend not only on Â(x) in view of the
analysis of the maximum of branching Brownian motion by Bramson [33].
But (4.3) suffices to deduce the following very important result which is in
the basis of the description of the CREM’s Gibbs measure.
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4.2 Two-Replicas Ultrametric Distance Distribution Function

Theorem 4.3. [11] Let {Xσ} be a family of 2N Gaussian random variables
with covariances (1.2). Let xβ be defined by (4.2). Then

lim
N→∞

E µ⊗2
β,N (dN (σ, σ′) ≥ 1 − x) = E fβ(x) =

⎧
⎪⎨

⎪⎩
β−1

√
2 ln 2

(Â)′(x)
if x < xβ

1 if x ≥ xβ

(4.5)

The function E fβ(x) is illustrated on Fig. 5b. Let us sketch the main points
of the proof. The result of Theorem 4.2 allows to compute the limit of the free
energy

lim
N→∞

N−1
E ln Zu

β,N = Fu
β

for the CREM where the function A(x) is slightly perturbed by a small
parameter u > 0 in a neighbourhood of the point x. Next, using the integra-
tion by parts of Gaussian random variables, we show that the desired quantity
limN→∞ E µ⊗2

β,N (dN (σ, σ′) ≥ 1 − x) is equal to limN→∞
d

duN−1 ln Zu
β,N

∣∣∣
u=0

that can be computed as d
duFu

β

∣∣∣
u=0

by convexity and leads to (4.5).

4.3 Ghirlanda–Guerra Identities

Lemma 4.1 is a generalisation of Lemma 3.1: it proves Ghirlanda–Guerra
identities in the case of the CREM.

Lemma 4.1. [11] For any n ∈ N, any bounded function h(x) and x ∈
[0, 1] \ xβ

∣∣∣E µ⊗n+1
β,N

(
h(σ1, . . . , σn)1IdN (σk,σn+1)>x

)

− 1
n

E µ⊗n+1
β,N

(
h(σ1, . . . , σn)

( n∑

l 
=k

1IdN (σk,σl)>x + E µ⊗2
β,N (1IdN (σ1,σ2)>x)

))∣∣∣

= δN (u). (4.6)

where this time the error term vanishes when we integrate over deformations
of the function A at the point x.

One of the pillars of the proof of this lemma is the representation Xσ =
Xσ(1) where Xσ(t) is the family of standard Gaussian processes on [0, 1] with
covariances: cov (Xσ(t),Xσ′(s)) = A(t ∧ s ∧ dN (σ, σ′)). Two other pillars are
the same as in the case of the GREM: the integration by parts of Gaussians
and a concentration of measure argument.

This lemma implies the following important Theorem 4.4, that determines
implicitly the empirical distance distribution function Kβ,N . Let us define a
family of measures Qn

N on [0, 1]n(n−1)/2
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Q(n)
β,N (d̄N ∈ C) ≡ E µ⊗n

N,β(d̄N ∈ C) (4.7)

where d̄N is the vector of distances between n replicas with components dk,l
N =

dN (σl, σk), 1 ≤ l < k ≤ n, and C is a Borel subset of [0, 1]n(n−1)/2. We denote
by Bk the sigma-field generated by the first k(k − 1)/2 coordinates.

Theorem 4.4. [11] For any n ∈ N, the family of measures Q(n)
β,N converges,4

as N ↑ ∞, to the limiting measure Q(n)
β . All these measures are uniquely

determined by (4.5). They satisfy the identities:

Q(n+1)
β

(
dk,n+1 ∈ C|Bn

)
=

1
n
Q(2)

β (C) +
1
n

n∑

l=1,l 
=k

Q(n)
β (dk,l ∈ C|Bn) (4.8)

for any Borel subset C ⊂ [0, 1]. Consequently Kβ,N defined by (3.24) and
(3.23) converges in law to the limit Kβ with generalized moments determined
by Q(n)

β .

The recurrent formulas (4.8) come from (4.6) if we put h equal to the
indicator function of any desired event of Bn. Let us remark also that, due to
the ultrametric structure, once the distances between n replicas are prescribed,
it suffices to fix the distance from the (n+ 1)-th replica up to the closest to it
among the n replicas {1, 2, . . . , n}, in order to determine its distance up to all
other n − 1 replicas. This fact is already formally explained in (3.20). Then
the formulas (4.8) determine completely the measures limN→∞ Q(n)

β,N = Q(n)
β

up to the measure Q
(2)
β already computed in (4.5). The moments Kβ,N can

be expressed in terms of the measures Q(n)
β,N . This implies the convergence of

Kβ,N to a limiting object Kβ with moments expressed in terms of Q(n)
β .

4.4 Marginals of Kβ in Terms of Ruelle’s Probability Cascades

In this subsection we give an explicit form of all marginals of Kβ,N . Let 0 <
t1 < t2 < · · · < tm < 1 be points of increase of the function (4.5), t0 = 0. We
can define then the marginal process:

Kβ,N (t0, t1, . . . , tm) =
∑

σ

µβ,N (σ)δmσ(t0),mσ(t1),mσ(t2),...,mσ(tm). (4.9)

Theorem 4.5. [11] Let t0 = 0 < t1 < t2 < . . . < tm ≤ 1 = tm+1 be
points of increase of the function (4.5). Consider the GREM of m + 1 hier-
archies, with parameters αi such that ln αi/ ln 2 = ti−ti−1, i = 1, . . . ,m + 1, ai

4 Here convergence is understood that we first average the N -dependent quantities
with respect to deformations of size η > 0 of the functions A, then take the limit
and finally take the limit η ↓ 0.
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with
∑m+1

i=1 ai = 1 at temperature β̃ such that β̃−1
√

2 ln αi/ai =

β−1

√
2 ln 2/(Â)′(ti−1), i = 1, . . . ,m + 1. Then

lim
N→∞

Kβ,N (t0, t1, . . . , tm) = K(m+1)

β̃
, (4.10)

where K(m+1)

β̃
is the empirical distance distribution function of the GREM

computed in Theorem 3.6 in terms of Ruelle’s probability cascades.

The second moments of limN→∞ Kβ,N (t0, t1, . . . , tm) and of K(m)

β̃
for the

GREM in question are the same due to the choice of the parameters of the
GREM. Then all their moments coincide by the Ghirlanda–Guerra identities.
The parameters ai and β̃ explicitly are equal to

ai = κ
Â′(ti−1) ln αi

ln 2
, β̃ = κ−1/2β, κ =

(
m+1∑

i=1

Â′(ti−1) ln αi

ln 2

)−1

, i = 1, . . . , m + 1.

5 Genealogies and Neveu’s Branching Process

5.1 Problems with the Explicit Description of
Limiting Gibbs Measures

We obtained an implicit description of the limiting Gibbs measure of the
CREM via recursive computation of all moments of Kβ . Nevertheless, we
would like to identify explicitly a limiting measure to which our Gibbs mea-
sures converge and that encodes the full geometric information contained in
Kβ . This is not immediately possible for the following reason. In [25] one of
us proposed to describe the infinite volume limit of the Gibbs measure for
the REM by considering the image of the hypercube ΣN on [0, 1] through the
map rN : ΣN → (0, 1] (1.7). However, the definition of Kβ,N involves masses
of sets {σ′ : dN (σ, σ′) < 1−t}. If we map such sets on the unit interval via rN ,
we obtain intervals (r[Nt] − 2−[tN ], r[Nt]] of length 2−[tN ]. So, when N = ∞,
these sets map to intervals of length 2−t∞. We can not analyse the structure
of the measure by looking at intervals of the size 2−t∞.

What will however be possible, is the following. We will introduce the
notion of a flow of compatible probability measures on [0, 1] indexed by pairs
of parameters s ≤ t ∈ I and with distribution functions satisfying the com-
patibility assumption (5.1). Next, we will associate to each of such flows
a certain genealogical structure on [0, 1] described by a genealogical map,
KT ∈ M1(M1([0, 1])), which is an empirical distribution of family sizes of
all individuals as functions of degree of relatedness. Then we will provide a
flow of compatible probability measures for each finite N with the genealogy
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describing efficiently the geometry of the Gibbs measure of the CREM: its
genealogical map, Kβ,N

T , will equal the empirical distance distribution func-
tion Kβ,N . Finally, we will show that this flow of probability measures con-
verges as N → ∞ to the flow of compatible random probability measures with
distribution functions that are normalised stable subordinators associated to
Neveu’s continuous state branching process via an appropriate deterministic
time change. This convergence of flows is understood in the sense that their
genealogical maps, Kβ,N = Kβ,N

T , converge. Thus, the limiting geometry of
the Gibbs measure of the CREM will be expressed in terms of the genealogy of
Neveu’s continuous state branching process modulo a time change determined
only by E fβ(x) of (4.5).

5.2 Genealogical Map of a Flow of Probability Measures

Definition 5.1. A two-parameter family of measures with probability distri-
bution functions S(s,t) on [0, 1], s ≤ t, s, t ∈ I ⊂ R, is called a flow of
compatible probability measures on I, if and only if for any collection
t1 ≤ t2 ≤ · · · ≤ tn ⊂ I

S(t1,tn) = S(tn−1,tn) ◦ S(tn−2,tn−1) ◦ . . . S(t2,t3) ◦ S(t1,t2) (5.1)

holds.

Let us admit the following terminology. We say that each point a ∈ [0, 1]
is an individual in generation s and its image S(s,t)(a) ∈ [0, 1] is its offspring
in generation t. Let us define for any distribution function Θ(x) its inverse
function

Θ−1(x) = inf{a | Θ(a) ≥ x}. (5.2)

Then each individual x ∈ [0, 1] in generation t has an ancestor a in generation
s which is a = (S(s,t))−1(x). Given an individual x ∈ [0, 1] in generation t, let
us look for individuals x′ having the same ancestor as x in generation s

mx(s, t) ≡ {x′ : (S(s,t))−1(x′) = (S(s,t))−1(x)}. (5.3)

If S(s,t) is continuous at a = (S(s,t))−1(x), then any individual x′ �= x has a
different ancestor from the one of x. If S(s,t) makes a jump at a = (S(s,t))−1(x),
then the family (5.3) of the individual x having the same ancestor as x in
generation s is the following interval:

mx(s, t) = lim
η↓0

(
S(s,t)

(
(S(s,t))−1(x) − ε

)
, S(s,t) ◦ (S(s,t))−1(x)

]
.

In Fig. 6 the individual x in generation t has a family of “cousins” mx(s, t)
having the same “grand-father” in generation s, while the individual y is the
unique “grand-child” of his ancestor in generation s. We are mainly inter-
ested in a non-trivial case when functions S(s,t) make jumps. The next lemma
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1

1

x

y

mx (s,t)

(S (s,t)) 
−1 (y)

S (s,t)

(S (s,t)) 
−1 (x)

Fig. 6. Genealogical structure induced by a flow S(s,t)

justifies this terminology. It says that any individual having an ancestor in
common with x in generation s has necessarily an ancestor in common with
x in any generation s′ < s. In other words, if we partition the interval [0, 1]
into families mx(s′, t) having the same ancestor in generation s′, then the
partition into families mx(s, t) having the same ancestor in generation s > s′

is a refinement of the previous one.

Lemma 5.1. Let S(s,t) be distribution functions of a flow of measures accord-
ing to Definition 5.1. Then for all x ∈ [0, 1]

mx(s, t) ⊂ mx(s′, t) ∀s′ < s ≤ t ∈ I. (5.4)

Whenever t = T is fixed, the function |mx(·, T )| is the family size of the
individual x in generation T as a function of the degree of relatedness. By
Lemma 5.1, it is a decreasing function on I. Finally, we define the associated
empirical distribution of the functions |mx(·, T )|

KT =

1∫

0

dxδ|mx(·,T )|. (5.5)

This construction allows to associate to any flow of probability measures,
in the sense of Definition 5.1, an empirical distribution KT . If we assume, in
addition, that [0, T ] ⊂ I and |mx(·, T )| are right-continuous, then
1 − |mx(·, T )| are probability distribution functions. Then we will think of
KT as a map from flows of probability measures into M1(M1([0, 1])) which
we call the genealogical map.
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5.3 Coalescent Associated with a Flow of
Probability Measures

Now, let us define the exact degree of relatedness between two individuals
x, y ∈ [0, 1] with respect to a flow of measures (5.1) as

γT (x, y) ≡ sup (s ∈ I : y ∈ mx(s, T )) . (5.6)

Lemma 5.2. T − γT defines an ultrametric distance on the unit interval.

We will be interested in cases where the flow S(s,t) of Definition 5.1 is ran-
dom. We will now define the coalescent process on integers that completely
characterises a random genealogical map KT in this case.

Having defined a distance T − γT on [0, 1], we can define in a very natural
way the analogous distance on the integers. To do this, consider a family of
i.i.d. random variables, {Ui}i∈N, distributed according to the uniform law on
[0, 1]. Given such a family, we set

ρT (i, j) = ρT (Ui, Uj). (5.7)

Due to the ultrametric property of the ρT and the independence of the Ui,
for fixed T , the sets Bi(s) ≡ {j : ρT (i, j) ≤ T − s} form an exchangeable
random partition of the integers. Moreover, the family of these partitions as
a function of T − s is a stochastic process on the space of integer partitions
with the property that for any s > s′, the partition Bi(s′) is a coarsening of
the partition Bi(s). Such a process is called a coalescent process.

The key observation is the following lemma.

Lemma 5.3. The genealogical map KT of a flow S(s,t) is completely deter-
mined by its moments; they can be expressed through the probabilities

P(ρT (i, j) ≤ T − tm(i,j), ∀i, j ∈ {1, . . . , l}) (5.8)

of the corresponding coalescent, where m(i, j) ∈ {1, . . . , p}, 0 < t1 < · · ·
< tp ≤ T , l ≥ 2.

To illustrate this lemma, let us note that

E

∫
m(t)KT (dm) = E

∫ 1

0

mx(T, t)dx = P(ρT (1, 2) ≤ T − t). (5.9)

5.4 Finite N Setting for the CREM

We will now show that for finite N we can use the general construction from
Sects. 5.2 and 5.3 to relate the geometric description of the Gibbs measure on
ΣN to the genealogical description of a family of embedded measures on [0, 1].
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Recall that we have already introduced the image measure µ̃β,N (1.8) of
the Gibbs measure on the unit interval via the map rN (1.7). Let θβ,N be the
probability distribution function of µ̃β,N :

θβ,N (x) = µ̃β,N (σ : r[N ](σ) ≤ x). (5.10)

Let us take a parameter s ∈ [0, 1] and consider the map r[sN ] : ΣN → [0, 1].
Clearly, its image consists of 2[sN ] points, and for any σ, σ′ with dN (σ, σ′) > s
we have r[sN ](σ) = r[sN ](σ′). Now we define a family of compatible distribu-
tion functions in the sense of Definition 5.1

S
(s,t)
β,N (a) =

∑

σ

µβ,N (σ)1I{θ(r[sN](σ))≤a} (5.11)

as states Lemma 5.4. To better understand the construction of (5.11), let
us take configurations, σ1, σ2, . . . , σ2[sN]

, differing in the first [sN ] coordi-
nates, i.e. with dN (σi, σj) ≥ 1 − s, and arrange them in order such that
0 < r[sN ](σ1) < r[sN ](σ2) < · · · < r[sN ](σ2[sN]

) = 1. Let

xs
i = µβ,N (σ′ : dN (σ′, σi) < 1 − s), i = 1, . . . , 2[sN ], x0 = 0.

Define

ys
i ≡ xs

0 + xs
1 + · · · + xs

i = θ(r[sN ](σi)), i = 0, 1, . . . , 2[sN ].

Then we may write the representation

S
(s,t)
β,N (a) =

2[sN]∑

i=0

ys
i 1I{a∈[ys

i
,ys

i+1)}. (5.12)

Lemma 5.4. The functions, S
(s,t)
β,N , defined in (5.11) satisfy the assumptions

of Definition 5.1 with I = [0, 1].

It follows from this observation that we are entitled to apply the construc-
tion of the previous section to S

(s,t)
β,N . Their genealogy is

mx(s, t) = (ys
i−1, y

s
i ] with |mx(s, t)| = |xs

i |, if x ∈ (ys
i−1, y

s
i ], i = 1, . . . , 2[sN ].

We may associate with this genealogy the genealogical map, KT , and the
coalescent process on the integers. Lemma 5.5 expresses the geometry of the
Gibbs measure of the CREM contained in the empirical distance distribution
function Kβ,N , defined in (1.13), in terms of the genealogy induced by the
functions defined in (5.11).

Lemma 5.5. We have
Kβ,N = Kβ,N

1 ,

where the empirical distance distribution function Kβ,N is defined in (1.13)
and Kβ,N

1 is the genealogical map defined in (5.5), with T = 1, of the flow of
probability distribution functions (5.11).
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5.5 Genealogy of a Continuous State Branching Process

Another example of flows of probability measures satisfying Definition 5.1
arises in the context of continuous state branching process [23]. The basic
object here is a continuous state branching process X(t) on R

+ characterised
by its Laplace exponent ut(λ). The process started in a ≥ 0 will be de-
noted by X(·, a). This can be extended to a genuine two parameter process
(X(t, a), t, a ≥ 0) using the fundamental branching property that states that,
if X ′(·, b) and X(·, a) are independent copies, then X(·, a + b) has the same
law as X ′(·, b) + X(·, a). The process X(t, a) is characterised by the property
that, for any a, b ≥ 0, X(·, a + b) − X(·, a) is independent of the processes
X(·, c), for all c ≤ a, and its law is the same as that of X(·, b). The right
continuous version of X(t, ·) is a subordinator. Bertoin and Le Gall [23] prove
the following proposition, based on the Markov property of this process.

Proposition 5.1. On some probability space there exists a process (S̃(s,t)(a),
0 ≤ s ≤ t, a ≥ 0), such that
(i) For any 0 ≤ s ≤ t, S̃(s,t) is a subordinator with Laplace exponent ut−s(λ).
(ii) For any integer p ≥ 3 and 0 ≤ t1 ≤ t2 ≤ · · · ≤ tp, the subordinators
S̃(t1,t2), S̃(t2,t3), . . . , S̃(tp−1,tp) are independent, and

S̃(t1,tp)(a) = S̃(tp−1,tp) ◦ S̃(tp−1,tp) ◦ . . . ◦ S̃(t2,t3) ◦ S̃(t1,t2)(a), ∀a ≥ 0, a.s.
(5.13)

(iii) The processes S̃(0,t)(a) and X(t, a) have the same finite dimensional
marginals.

The process S̃(s,t) allows to construct a flow of probability distribution
functions by setting

S(s,t)(x) ≡ 1
X(t, 1)

S̃(s,t)(X(s, 1)x), 0 ≤ s ≤ t ≤ 1. (5.14)

For I taken as any countable subset of R
+, they satisfy the assumptions of

Definition 5.1 a.s.
We are interested in a particular case of Neveu’s continuous state branching

process Xt with

E(e−λXt | X0 = a) = e−ut(λ)a, ut(λ) = λe−t

. (5.15)

In this case S̃(s,t) are stable subordinators with index es−t. Then the nor-
malised stable subordinators S(s,t) of (5.14) is a family of random probability
distribution functions satisfying Definition 5.1. Thus, the genealogical con-
struction of Sects. 5.2 and 5.3 applies to them.

Finally, note that if we take an increasing function t(y) ≥ 0 for y ∈ [0, 1],
then we may consider the time-changed flow S̄(y,z) = S(t(y),t(z)), 0 ≤ y ≤ z,
satisfying again Definition 5.1 and therefore allowing the genealogical con-
struction of Sects. 4.2 and 4.3
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Bertoin and Le Gall [23] showed that the coalescent process on the inte-
gers induced by S(s,t) of (5.14) associated to Neveu’s process (5.15) coincides
with the coalescent process constructed by Bolthausen and Sznitman [22].
They also proved the following remarkable result connecting the collection
of subordinators to Ruelle’s Generalised Random Energy Model: Take the
parameters 0 < x1 < · · · < xp < 1 and 0 < t1 < · · · < tp linked by the
identities

tk = lnxk+1 − ln x1 (5.16)

for k = 0, . . . , p − 1, and tp = − ln x1. Then the law of the family of jumps of
the normalised subordinators S(tk,tp), for k = 0, . . . , p − 1, is the same as the
law of Ruelle’s probability cascades W(p) with parameters xi, i = 1, . . . , p, see
Definition 3.1..

Now consider a GREM with finitely many hierarchies and parameters such
that the points y0 = 0 and 0 < y1 < . . . < yp ≤ 1 are the extremal points
of the concave hull of A. Recall that limN→∞ E fβ,N (y) = E fβ(y) can be
computed by (4.5) for any y ∈ [0, 1]. Now set

E fβ(yi−1) = xi, i = 1, . . . , p, (5.17)

where all of the xi < 1. In Theorem 3.2 we proved that the point process
W(p)

N,β in [0, 1]p converge to Ruelle’s probability cascades with parameters xi,

i = 1, . . . , p. (The convergence of the marginals of the process W(p)
N,β for the

GREM under the assumption that for any given hierarchy i = 1, . . . , p and
N > 0 the number of configurations {σ′ : dN (σ, σ′) < 1 − yi} is the same for
all σ ∈ ΣN , has been also established in Proposition 9.6 of [26].) Combining
these two results yields.

Lemma 5.6. Let µβ,N be the Gibbs measure associated to a GREM with
finitely many hierarchies satisfying (5.17) at the extremal points yi, i =
1, . . . , p of the concave hull of the function A. Then the family of distribu-
tion functions S

(yk,yp)
β,N , k = 1, 2, . . . , p defined according to (5.11) converges

in law, and the limit has the same distribution as the family of normalised sta-
ble subordinators (5.14) S(tk,tp), k = 0, 1, . . . , p− 1 in the sense that the joint
distribution of their jumps has the same law, provided tk are chosen according
to (5.16), (5.17).

5.6 Main Result

From the preceding proposition we expect that Neveu’s process will provide
the universal limit for all of our CREMs. The dependence on the particular
model (i.e. the function A) and on the temperature must come from a rescaling
of time. Set

x(y) ≡ E fβ(y) =

⎧
⎪⎨

⎪⎩

√
2 ln 2

β

√
Â′(y)

, if y < yβ

1, if y ≥ yβ ,

(5.18)
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where yβ = sup(y :
√

2 ln 2

β

√
Â′(y)

< 1) (here E fβ(y) is defined by the function

A through (4.5)). Set also

T = − ln x(0), t(y) = T + lnx(y). (5.19)

Define the flow of probability distribution functions

S̄(y,z)(x) ≡ S(t(y),t(z))(x), (5.20)

where S(s,t) is the flow of functions (5.14) associated to Neveu’s process (5.15).
Let K̄

t(y)
T be the genealogical map (5.5) associated to this flow.

Theorem 5.1. Then
Kβ,N = Kβ,N

1
D→ K̄

t(y)
1 . (5.21)

Here Kβ,N is the empirical distance distribution function (1.13), Kβ,N
1 is the

genealogical map (5.5) of the flow of probability distribution functions (5.11)
and the equality Kβ,N = Kβ,N

1 holds by Lemma 5.5. Theorem 5.1 is the main
result of this paper. It expresses the geometry of the limiting Gibbs measure
contained in Kβ,N in terms of the genealogy of Neveu’s branching process via
the deterministic time change (5.19). We prove this theorem in Sect. 5.7.

5.7 Coalescence and Ghirlanda–Guerra identities

As it was remarked in Sect. 5.3, KT associated with a flow of measures is com-
pletely determined by its moments, and these can be expressed via genealog-
ical distance distributions of the corresponding coalescent (5.8). So, we will
prove that the moments of Kβ,N , which are the n-replica distance distributions
in our spin-glass model, converge to the genealogical distance distributions on
the integers (5.8) constructed from the flow of compatible measures with dis-
tribution functions S̄(y,z) (5.20). But the flow S̄(y,z) is the time-changed flow
(5.14) of Neveu’s branching process (5.15) that by [23] corresponds to the
coalescent of Bolthausen–Sznitman. Therefore, its genealogical distance dis-
tributions on the integers are those of Bolthausen–Sznitman coalescent under
this time change (5.19). Then the proof of Theorem 5.1 is reduced to Theo-
rem 5.2, which gives in addition the connection between the n-replica distance
distribution function of the CREM with the genealogical distance distribution
function of the Bolthausen–Sznitman coalescent.

Theorem 5.2. Under the same assumptions as in Theorem 5.1, for any
n ∈ N,

lim
N↑∞

E µ⊗n
β,N (dN (σ1, σ2) ≥ 1 − y1, , . . . , dN (σn−1, σn) ≥ 1 − yn(n−1)/2) (5.22)

= P
(
ρT (1, 2) ≥ T − t(y1), . . . , ρT (n − 1, n) ≥ T − t(yn(n−1)/2)

)

where t(y) is defined in (5.19) via (5.18).
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The distance ρT is the distance on integers for the Bolthausen–Sznitman
coalescent, induced through (5.7) by the genealogical distance γT of the flow
of measures S(s,t) (5.14) of Neveu’s branching process (5.15). The fact that in
Bolthausen–Sznitman coalescent P(ρT (1, 2) ≥ T − t) = et−T and the conver-
gence (4.5) imply the statement of the theorem for n = 2:

E µ⊗2
β,N (dN (σ, σ′) ≥ 1 − y) → x(y) = et(y)−T = P(ρT (1, 2) ≥ T − t(y)).

The proof of the theorem for n > 2, and in fact the entire identification
of the limiting processes with objects constructed from Neveu’s branching
process, relies on the Ghirlanda–Guerra identities [28] that were derived in
Theorem 4.4 for the left-hand side of (5.22). Thus we must show that the
right-hand side of (5.22) satisfies the same identities, that is for t < T :

P (ρT (1, n + 1) ≥ T − t | Bn) =
1
n

et−T +
1
n

n∑

k=2

P (ρT (1, k) ≥ T − t | Bn)

(5.23)
that can be equivalently written as

P (ρT (k, n + 1) < T − t | Bn) =
|l ∈ {1, . . . , n} : ρT (k, l) < T − t| − et−T

n
(5.24)

There are two ways to verify that (5.23) holds for the Bolthausen–Sznitman
coalescent.

The first one is to observe that relation (5.23) involves only the marginals
of the coalescent at a finite set of times. By Theorem 5 of Bertoin–Le Gall
[23], these can be expressed in terms of Ruelle’s probability cascades modulo
the appropriate time change. Thus, by Theorem 3.2 these probabilities can
be expressed as limits of a suitably constructed GREM (with finitely many
hierarchies) for which the Ghirlanda–Guerra relations do hold by Lemma 3.1.
Thus (5.23) is satisfied.

The second way is to verify directly that Ghirlanda–Guerra relations (5.24)
hold for the Bolthausen–Sznitman coalescent.

This can be done by identifying its partitions with exchangeable random
partitions called “Chinese restaurant process”.

For that purpose, let us first give the following definition. Given the se-
quence of normalised jumps of the stable subordinator (∆i/T ) with index
x and given U1, U2, . . . independent uniform random variables on [0, 1], the
partition of positive integers Π distributed as a partition of blocks of indices
of Ui belonging to the same intervals ∆i/T ∈ [0, 1] is called (x, 0)-partition,
see [34].

Let us introduce an operation of coagulation on partitions, see [35]: for
a partition π = (A1, A2, . . . , ) and Π = (B1, B2, . . . ), the Π-coagulation of π
consists of blocks of the form

⋃
j∈Bi

Aj .
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By [22] the Markov kernels (e−t, 0)-coagulation, t ≥ 0, on partitions of
N form a semi-group. The Markov process

Pπ(Π(t+) ∈ ·) = (et−T , 0) − coagulation of π (5.25)

is distributed as the Bolthausen–Sznitman coalescent. It starts from a partition
of singletons at time T and finishes by a partition of one block N at time −∞.
(The semi-group property can be also seen from the fact that the limiting
frequencies of (e−t, 0)-partitions are distributed as normalised jumps of stable
subordinators and from their matching condition (5.1).)

Next, consider exchangeable random partitions Π on N, introduced by
Pitman under the name of Chinese restaurant processes. For each parameter
0 < x < 1 the partition called “Chinese restaurant process” can be constructed
as follows. Let Πn denote the restriction of Π to the first n positive integers.
Then, conditionally given Πn = {A1, . . . , Ak} for any particular partition of
{1, 2, . . . , n} into k subsets (tables) Ai of sizes ni, i = 1, . . . , k, the partition
Πn+1 is an extension of Πn such that the number n + 1 (new customer)
is attached to the class (table) Ai with probability (ni − x)/n, and forms
a new class (sits at a new table) with probability kx/n. Let us denote by
p(n1, . . . , nk) the probability of partitions Π with Πn a particular partition of
k classes of sizes n1, . . . , nk, respectively. Then

p(n1 + 1, n2, . . . , nk) =
n1 − x

n
p(n1, . . . , nk). (5.26)

The crucial fact is that the partition Π of the Chinese restaurant process
with parameter x is a (x, 0)-partition. This fact, noticed in [34], follows from
the combination of the results of [35] and [36] : On the one hand, in [35]
it is proven that the limiting relative frequencies, in order of appearance,
Pi, in the Chinese restaurant process have the same distribution as the pro-
duct (1 − W1)(1 − W2) · · · (1 − Wi−1)Wi, with Wi independent beta random
variables with parameters (1 − x, ix). On the other hand, in [36] the fol-
lowing was proven: let ∆(i)/T denote the reordering to the intervals ∆i/T
in order of appearance of the Ui, i.e. define ∆(i) such that U1 ∈ ∆(1)/T ,
Umin{j:Uj 
∈∆(1)/T} ∈ ∆(2)/T , etc., Then |∆(i)/T | has the same distribution as
products, (1−W1) . . . (1−Wi−1)Wi, where Wi are the independent beta ran-
dom variables appearing above. Thus, the sequences |∆(i)/T | and Pi have the
same distribution.

Therefore, by (5.25), the marginals of Bolthausen–Sznitman coalescent
Π(t) at times 0 = t0 < t1 < · · · < tp−1 < tp = T can be constructed as the
following sequence of Chinese restaurant processes: let xi = eti−1−tp , 0 < x1

< x2 < · · · < xp < 1. Then Π(tp−1+) is distributed as a (xp, 0)-partition,
i.e. as the Chinese restaurant process with parameter xp. Next, we define
the partition Π(tp−2+) as the Chinese restaurant process on the classes
of partition Π(tp−1+) with parameter xp−1/xp = etp−2−tp−1 ; this means
that, given the classes Ap−1

1 , . . . , Ap−1
k obtained from Ap

1, . . . , A
p
l , where Ap−1

i
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consists of li blocks of Πp, i = 1, . . . , k, l1 + · · · + lk = l, the block
Ap

l+1 joins Ap−1
i with probability (lp−1

i − xp−1/xp)/l and forms a new class
with probability kxp−1/(xpl). One iterates this procedure with parameters
xp−2/xp−1, . . . , x1/x2 to construct the partitions Π(tp−3+), . . . ,Π(t0+). By
the semi-group property of (e−t, 0)-coagulations, Π(ti+) is distributed as
a Chinese restaurant process with parameter xi+1 = eti−tp for all i =
0, 1, . . . , p − 1, satisfying (5.26). Now (5.24) is immediate from the Chinese
restaurant property (5.26).
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Summary. We review the recent developments in the study of Langevin dynamics
of spin glasses, and in particular for the spherical p-spins models of Sherrington–
Kirkpatrick, emphasizing the study of the aging phenomenon. We outline all the
proofs and give a few new arguments.

1 Introduction

The understanding of phase transition is one of the major problem in statistical
physics. It often refers in the literature to the study of the equilibrium phase
transition, such as the study of the phase transition of a Gibbs measure (see
for instance Ruelle’s book [1]). However, most systems in nature are out of
equilibrium, reason why it is crucial to understand the convergence to equilib-
rium of dynamics. In the last twenty years, there was a great effort to analyze
this question, in particular by using coercive inequalities such as logarithmic
Sobolev inequalities. In many cases, it could be found that dynamics are well
approximated by equilibrium. However, some physical systems can only be
observed out of equilibrium. Some of them are naturally out of equilibrium
because they are submitted to a gradient of temperature, of potential etc. But
some others, on which we shall focus in this survey, are systems which relax
to equilibrium so slowly that the equilibrium will never be reached during the
experiment or the simulation. Such systems can be encountered in nature;
one of the most well known example is glass (a good reason why glasses refer
in physics to a whole class of systems which never reach equilibrium), but
toothpaste or jelly are other examples. In these cases, it is difficult a priori to
relate the properties of the equilibrium measure and those of the dynamics.
In particular, a notion of dynamical phase transition has to be introduced.

Equilibrium phase transition is often characterized by the appearance of
several attracting states for the system, so that the physical medium under
consideration may change dramatically after a very slight modification of
its preparation. A dynamical phase transition could be associated with the
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appearance of different time scales along which the evolution of the system
would look very different. The notion of aging can serve to characterize the
low temperature behaviour of dynamics of such systems; A system is said to
age if the older it gets, the longer it will take to forget its past. The age of
the system is the time spent since the system reached its glass phase, which
is often obtained by freezing it below the critical temperature. The experi-
ment exhibiting aging is usually as follows. One considers a medium at high
temperature and freeze it at time t = 0 at a temperature below the critical
temperature Tc. One then measures a parameter q(tw, tw + t) where tw is the
age of the system and t + tw the measurement time. The parameter q(s, t)
is often the covariance E(XtXs) − E(Xt)E(Xs) of the observable X or the
probability P (Xt = Xs). Then, a system is said to age when q(tw, tw +h(tw))
converges to a non-zero constant as tw goes to infinity, for some non-trivial
increasing function h going to infinity at infinity. In other words, aging means
that there exists non-trivial scales which govern the time correlation of the
system. One usually observes the following. At large temperature, the system
quickly equilibrates and the order parameter should rapidly become station-
ary; q(s, t) ≈ q(s − t) for t, s reasonably large. At lower temperature, aging
will occur if the order parameter q is not a function of t − tw only, but also
depends on the age tw of the system. On a short scale, when tw goes to infin-
ity while τ = t − tw stays bounded, the dynamics looks stationnary (i.e. only
depends on τ) and when then τ goes to infinity reaches a state where q is
approximately given by a constant qEA. The system stays in this state quite
a long time so that it seems to be in equilibrium. However, on a longer scale,
the system will undergo dramatic changes which will drive the parameter q
to zero. For instance, in the physics literature, it is expected in many models
(such as the spherical pure p-spins models which we shall describe later) that
q could “asymptotically” be written under the form, for s > t

q(s, t) � Q(s − t) + Q(
h(t)
h(s)

) (1.1)

with some functions Q(u) going to zero as u goes to infinity, Q(u) going to zero
as u goes to zero and some scale function h(u) going to infinity when u does.
Such a function satisfies the earlier observations since Q( h(t)

h(s) ) is approximately

constant (equal to qEA) on the whole time scale h(t)
h(s) � 1.

There are many materials that exhibit experimentally a glass phase and
aging; let us quote some physics literature on the glass phase of supra-
conductors [2], granular materials [3, 4], see also the review article [5]. The
mathematical literature on the subject is much more scarce; for the time
being it is roughly limited to the study of Bouchaud’s trap model and its
applications on one hand (see [6, 7] for example) and the study of spherical
models that we shall describe in this survey on the other hand. Let us also
quote the article [10] where a systematic study of aging for certain interaction
diffusions was undertaken. In fact, up to now, the study of aging properties
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have been very dependent on the model, a “slight” generalization of which cre-
ating an enormous amount of work to adapt the techniques. Even though the
Bouchaud’s trap model was designed to mimic the dynamics of the random
energy model, the study of these dynamics required infinitely deeper analysis
(see [11,12]). Similarly, the 2-spins spherical model of spin glass, that we shall
call spherical Sherrington–Kirkpatrick model, is rather easy to study since its
covariance satisfies an autonomous equation which can be analysed. As we
shall see, its natural generalization to p-spins model (which is the simplest in-
teresting generalization one could think of) results with an autonomous system
of integro-differential equations satisfied by the covariance and the so-called
response function which is not yet satisfyingly solved, even on a heuristic basis.
One of the reason for this complexity is certainly partly due to the fact that
(1.1) is too vague; it is understood asymptotically when one consider either
the scales where s − t � t or h(t)/h(s) ∈ (0, 1) but it does not say anything
about the intermediate phase when s− t ≥ t and h(t)/h(s) � 1. This phase is
in fact much more subtle and very rarely described. However, except in very
few cases, it should determine the aging function Q (for instance its slope at
u = 1). This is often referred to as “the matching problem” in physics.

In this survey, we shall consider a very specific model of glass; namely
Sherrington–Kirkpatrick model of spin-glass and its spherical versions. Before
entering this subject, let us recall the definition of Sherrington–Kirkpatrick
model. Hereafter, N ∈ N will denote the number of particles. The original
Sherrington–Kirkpatrick is described by a quadratic Hamiltonian given by

HJ(x) =
∑

1≤i<j≤N

Jijxixj

where x = (xi, 1 ≤ i ≤ N) represent the particles or spins, which belong to
a set M . M can be either discrete, for instance M = {−1,+1} in the Ising
model, or continuous, for instance M = R or M is a compact Riemaniann
manifold such as a sphere in R

d. The Jij ’s are centered independent random
variables with variance N−1, often assumed to be Gaussian for simplicity.

It has been generalized into the so-called p-spin model described by the
Hamiltonian

HJp(x) =
∑

1≤i1<i2<···<ip≤N

Jp
i1···ip

xi1xi2 · · ·xip
(1.2)

where Jp
i1···ip

are centered independent Gaussian variables with covariance
N−p+1. In the following, we may also consider mixture of these models
given by

Hγ
J =

∑

p≥2

γpHJp

where the Jp’s are independent from the Jk’s if p �= k and (γp)p≥2 is some
sequence such that Hγ

J makes sense.
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If µ is a probability measure on M , a Gibbs (or equilibrium) measure for
the Sherrington–Kirkpatrick model at temperature T = β−1 is given by

µN (dx) =
1

ZN
e−βHγ

J
(x)

N∏

i=1

dµ(xi) with ZN =
∫

e−βHγ
J,N

(x)
N∏

i=1

dµ(xi).

The original Sherrington–Kirkpatrick model concerns the case where γp =
1p=2 and the spins are Ising spins, that is M = {−1,+1} and µ is the
Bernouilli law µ(dx) = 1

2 (δ+1 + δ−1). The natural dynamics associated with
such dynamics are Glauber dynamics, as considered by Grunwald [13].

In the case M = R and µ(dx) = Z−1e−U(x)dx for some smooth
potential U , the associated Langevin dynamics (see Sect. 2) were considered
by Sompoliski and Zippelius (see [14, 15] and then by Ben Arous and myself
[16–19].

In both setting, it is proved that the empirical measure N−1
∑N

i=1 δxi
[0,T ]

on
path-space converges as N goes to infinity for every time T > 0 towards some
limit law QT . QT is not Markovian (even though at finite N , the dynamics
are Markovian, they lost this property at the limit N → ∞ by self-averaging,
the average of Markov laws being not necessarily Markovian) and given by
a non-linear equation. This limiting law is so complicated that the behav-
iour of its covariance could not be analyzed so far, neither in the mathe-
matics or in the physics literature. However, it is believed (see [5]) that the
Langevin dynamics for Sherrington–Kirkpatrick dynamics ages and actually
with infinitely many time scales. Interestingly, the behaviour of the dynami-
cal covariance is expected to mimic the ultrametricity properties expected [5]
for the static; namely it is believed that for large t1 < t3, one has, with
C(t, s) =

∫
xsxtdQ(x) −

∫
xsdQ(x)

∫
xtdQ(x)

C(t1, t3) � min
t2∈[t1,t3]

{C(t1, t2), C(t2, t3)}. (1.3)

One of the difficulties presented by the analysis of C is that, when the potential
U is not quadratic, its evolution depends on another order parameter, namely
C2(s, t) =

∫
U ′(xs)xtdQ(x). One can write also an equation for C2 which will

give rise to a third-order parameter, and so forth until one arrives to an infinite
system of equations. The idea to simplify the problem is then to change the
potential U to get a simpler set of equations; this is what the spherical models
are doing as we shall see in Sects. 2 and 3. In fact, the dynamics shall then
be represented by only two-order parameters, namely the covariance and the
response function. However, when one considers mixture of p-spins (e.g. γ2 �= 0
and γ4 �= 0), the ultrametric picture (1.3) is expected to describe the long time
behaviour of the covariance. Hence, interesting dynamical phase transitions
are expected to happen also for spherical models. Note that it was already
proved for the static in [20] that static phase transition similar to that of the
original Sherrington–Kirkpatrick model occurs for spherical models (i.e. with
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a limiting overlap which takes continuous values, a phenomenon related with
continuous symmetry breaking).

In Sects. 2 and 3, I shall describe the spherical Sherrington–Kirkpatrick
models and try to describe their long-time dynamics. I hence complement
the review article [17] where only Sherrington–Kirkpatrick dynamics and the
derivation of the annealed limiting dynamics were described by restricting
ourselves to simpler models but emphasizing the analysis of the long times
properties of these limiting dynamics. Note here that the question at stake is
very different from metastability; the time-scales considered in aging do not
depend on the number of particles so that the system cannot visit all its basin
of attraction, but rather the neighbourhood of one.

2 Spherical Sherrington–Kirkpatrick Model

If U : R → R is some potential going to infinity fast enough at infinity, the
Langevin dynamics at temperature T = β−1 for the Sherrington–Kirkpatrick
model are defined by the stochastic differential system

dxi
t = −β∂xiHJ(xt)dt − U ′(xi

t)dt + dBi
t

with prescribed initial data. Here, (Bi, 1 ≤ i ≤ N) are i.i.d Brownian motions.
One way to simplify considerably this system is to consider, instead of the
single spin constraint U(x), a smooth spherical constraint U(N−1

∑
x2

i ). The
Langevin dynamics for such a constraint are given by:

dxi
t = −β∂xiHJ(xt)dt − U ′(

1
N

N∑

j=1

(xj
t )

2)xi
tdt + dBi

t (2.1)

with a function U on R
+ such that

lim sup
x→∞

U(x)
x

= +∞

in order to insure the almost sure boundedness of the empirical covariance
under the dynamics (2.1). Note that such dynamics are invariant for the Gibbs
measure

µJ
N (dx) = Z−1

J,Ne
−NU

(
1
N

∑N

j=1(xj
t)

2
)
−2βHJ(x)

N∏

i=1

dxi.

A hard spherical constraint was considered in [21] where a similar study
was undertaken. This hard spherical constraint is not given by considering
dynamics on the sphere but rather by replacing U ′(N−1

∑N
j=1(x

j
t )2) in (2.1)
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by a non-random constant µN (t) chosen such that E[N−1
∑N

j=1(x
j
t )2] = 1 at

all times t and for all integers N (or at least in the limit N going to infinity).
Since what we really care about is long time asymptotics, we see that these
two points of view are equivalent provided we can prove that the solution of
(2.1) satisfies

lim
t→∞

lim
N→∞

1
N

N∑

j=1

(xj
t )

2 = K a.s.

for some K ∈ R
+∗, and up to the rescaling xi → K− 1

2 xi. The advantage
of the smooth spherical constraint (2.1) is that we can prove (see [22]) the
existence and uniqueness of the weak solutions of (2.1), that we shall denote
PN

J,x0
, as well as boundness properties of the empirical covariance in all Lp

and tightness (which we cannot obtain with the model of Cugliandolo and
Dean, who assumed from the start convergence of the empirical covariance).

The huge simplification offered by the spherical model is the invariance
by the action of the orthogonal group of the potential U ′(N−1

∑N
j=1(x

j
t )2); as

a consequence, the dynamics of the order parameter given by the empirical
covariance

KN (s, t) =
1
N

N∑

i=1

xi
sx

i
t (2.2)

depend mostly on the eigenvalues of the random interacting potential J
and satisfies, at the large N limit, an autonomous equation. In [22], this
convergence was obtained by means of a large deviation principle. I here
give a more direct proof of this convergence, inspired by the proof followed
in [23] for the p-spins model. It is not based on a cavity method as de-
veloped in physics, but it follows the standard strategy to prove tightness
of the order parameters and then uniqueness of the limit points due to
their characterization as the unique solution to a certain integro-differential
equation.

Theorem 2.1. Assume that (xi
0, 1 ≤ i ≤ N) are independent equidistributed

variables with law µ0 so that
∫

eαx2
dµ0(x) < ∞

for some α > 0. For any time T ∈ R
+, KN ∈ C([0, T ] × [0, T ], R) converges

almost surely towards K, solution of the renewal equation

K(t, s) = R(t)−
1
2 R(s)−

1
2L(β(t + s))

∫
x2dµ0(x)

+
∫ s

0

R(v)√
R(t)R(s)

L(β(t + s − 2v))dv (2.3)
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with, for θ > 0 and t ≥ 0,

L(θ) =
∫

eθλdσ(λ)

R(t) = e
2
∫ t

0
U ′(K(s))ds

where K(s) = K(s, s) for s ≥ 0.

Proof. The proof is rather classical; one first shows that (KN (u) = KN (u, u),
u ≤ T ) is integrable and self-averages around its mean. One then proves that
its mean is tight and actually converges. The convergence of (KN (u), u ≤ T )
then results with the convergence of (KN (u, t), u, t ≤ T ):

1. Almost sure tightness Recall that by Arzela–Ascoli’s theorem, compact
sets of C([0, T ] × [0, T ], R) are of the form:

KM,(ε,δ) =
{
f : [0, T ] × [0, T ] → R, sup

s≤T
|f(s)|

≤ M, sup
|s−t|≤ε(δ)

|f(s) − f(t)| ≤ δ,∀δ > 0
}

where M is some finite constant, ε(δ) > 0 and ε can be chosen arbitrary
small. To show that KN belongs to such a set with high probability, ob-
serve first that (2.1) implies by Itô’s formula that

KN (t) = KN (0) − 2
∫ t

0

[U ′(KN (u))KN (u)

+
β

N

N∑

i=1

Jijx
i
uxj

u]du + t +
2
N

N∑

i=1

∫ t

0

xi
udBi

u. (2.4)

Now, by Doob’s inequality applied to the martingale LN
t = exp

{∑N
i=1

[
∫ t

0
xi

udBi
u − 1

2

∫ t

0
(xi

u)2du]
}
, we get that for all z≥0, if ΩN,z =

{
x : supt≤T{

1
N

∑N
i=1

∫ t

0
xi

udBi
u − 1

2N

∫ t

0
KN (u)du

}
≤ z
}
,

P (Ωc
N,z) ≤ e−Nz.

Remark that U ′ is bounded below by a constant U by assumption and
denote by ||J||∞ the spectral radius of J. Then, on ΩN,z, we deduce from
(2.4) that

KN (t) ≤ KN (0) + 2
∫ t

0

[β||J||∞ − U +
1
N

]KN (u)du + t + 2zt.
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Hence, by Gronwall’s lemma, on ΩN,z,

sup
t≤T

KN (t) ≤ (KN (0) + T + 2zT )e(β||J||∞−U)T

and so there exists a = a(T,U) > 0 so that for any x

P

(
sup
t≤T

KN (t) ≥ x

)
≤ P (Ωc

N,ax) + P (KN (0) ≥ ax) + P (||J||∞ ≥ a log x)

(2.5)
By Chebychev’s inequality, we conclude that

P (KN (0) ≥ ax) ≤
(∫

eαx2
dµ0(x)

)N

e−aαxN .

Moreover, it is easy to see that

||J||∞ = sup
||u||=1

< u,Ju >

has sub-Gaussian tail. Indeed, it is a Lipschitz function of the Gaussian en-
tries of J (with respect to the Euclidean norm) with constant bounded by
N− 1

2 so that by Herbst argument (see [24,25]), we have the concentration
inequality

P (||J||∞ ≥ E[||J||∞] + x) ≤ e−
1
2 Nx2

.

Thus, since it is well known that E[||J||∞] converges towards 2 (see e.g. [26]
and [27]), we deduce that for large x

P (||J||∞ ≥ a log x) ≤ e−
N
3 (a log x)2 .

Hence, we conclude from (2.5) that for large x,

P

(
sup
t≤T

KN (t) ≥ x

)
≤ e−

N
4 (a log x)2 (2.6)

In particular, supt≤T KN (t) is integrable.
Similarly, for s ≥ t,

KN (s, t) − K(t, t) =
∫ s

t

[−U ′(KN (u))KN (u, t)

+ < Jxu, xt >]du +
1
N

N∑

i=1

xi
t(B

i
s − Bi

t).

Now, it is well known (see [28]) that for some α > 0

eL = P

(
eα sup|s−t|≤δ

|Bi
s−Bi

t
|2

s−t

)
< ∞
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so that

P ( sup
|s−t|≤δ

| 1
N

N∑

i=1

xi
t(B

i
s − Bi

t)| ≥ ε)

≤ P ( sup
|s−t|≤δ

1
N

N∑

i=1

(Bi
s − Bi

t)
2 ≥ ε2

M
) + P (sup

t≤T
KN (t) ≥ M)

≤ e−α ε2
Mδ NE[eα

∑N

i=1
sup|s−t|≤δ

|Bi
s−Bi

t
|2

s−t ] + e−cN(log M)2

≤ e−α ε2
Mδ N+LN + e−cN(log M)2 .

Hence, if δn = n−1, εn = n− 1
4 , M = n

1
4 we get for N large enough

P ( sup
|s−t|≤δn

| 1
N

N∑

i=1

xi
t(B

i
s − Bi

t)| ≥ εn) ≤ e−c′(log n)2N

and so by Borel–Cantelli Lemma

P (∪N0 ∩N≥N0 {KN ∈ KM,(ε,δ)}) = 1

which proves that KN is almost surely tight. Its mean is as well tight
according to the earlier tails estimates.

2. Self-averaging of (KN (u), u ≤ T ). Going back to (2.1), we find that

xt = e
−
∫ t

0
VN(u)du

x0 +
∫ t

0

e
−
∫ t

v
VN(u)du

dBv

with VN(u) the N × N matrix given by VN(u) := U ′(KN (u, u))I − βJ
if J is the symmetric matrix with entries {Jij , 1 ≤ i ≤ j ≤ N} above
the diagonal. Note here that the {VN(u), u ≥ 0} commute so that the
exponential is taken in the usual sense and that

∫ t

0

e
−
∫ t

v
VN(u)du

dBv = e
−
∫ t

0
VN(u)du

∫ t

0

e

∫ v

0
VN(u)du

dBv

is well defined eventhough
∫ t

v
VN(u)du is not adapted. Therefore,

KN (t) =
1
N

||e−
∫ t

0
VN(u)du

x0 +
∫ t

0

e
−
∫ t

v
VN(u)du

dBv||2.

Let kN (t) be obtained by replacing in KN (t), KN by its expectation in
VN(u). Namely for 0 ≤ t ≤ T , we set

kN (t)=
1
N

||e−
∫ t

0
(U ′(E[kN (u)])I−βJ)du

x0 +
∫ t

0

e
−
∫ t

v
(U ′(E[kN (u)])I−βJ)du

dBv||2.
(2.7)
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Note that

E[kN (t)] = E
[ 1
N

< x0, e
−2
∫ t

0
(U ′(E[kN (u)])I−βJ)du

x0 >

+
∫ t

0

1
N

tr
(
e
−2
∫ t

v
(U ′(E[kN (u)])I−βJ)du)

dv
]

is uniformly bounded on t ≤ T (since e||J||∞ has finite moments and U ′

is bounded below). It is easy to see, by a standard fixed point argument,
that E[kN (t)] defined by the earlier equation exists and is unique, from
which existence of (kN (t), t ≥ 0) is clear. Moreover, since (J, B, x0) are
all independent, (kN (t), t ≤ T ) will self-average. In fact, using Doob’s
inequality again, we can prove that for all T < ∞, there exists

E
[
sup
t≤T

(kN (t) − E[kN (t)])4
]
≤ C(T )

N2
.

Moreover, getting rid of the stochastic integral by integration by
parts, we see that on the set {supt≤T KN (t) ≤ M} ∩ {||J||∞ ≤ M} ∩
{N−1||x0||2 ≤ M} ∩ {supt≤T N−1||Bt||2 ≤ M} with overwhelming prob-
ability,

|KN (t) − kN (t)| ≤ C(M,T )
∫ t

0

|KN (t) − E[kN (t)]|dt.

Thus, since supt≤T |E[kN (t)] − kN (t)| goes to zero almost surely, we con-
clude by Gronwall’s lemma that

lim
N→∞

sup
t≤T

|KN (t) − kN (t)| = lim
N→∞

sup
t≤T

|KN (t) − E[kN (t)]| = 0 a.s..

Since (KN (t), t ≤ T ) is uniformly integrable, we conclude also that
E[KN (t)] − E[kN (t)] converges towards zero uniformly on t ≤ T .

3. Equations for the limit points. Since (E[KN (t)], t ≤ T ) is tight, so does
(E[kN (t)], t ≤ T ). Let K be a limit point. To obtain an equation for K
from (2.7), note that by independence of J and x0, if (λi)1≤i≤N denotes
the eigenvalues of J,

Law
( 1
N

< x0, e
2tβJx0 >

)
= Law

( 1
N

< x0, x0 >

N∑

i=1

e2tβλiu2
i

)

where u is independent of the eigenvalues λ of J and of x0 and follows the
uniform law on the sphere SN−1√

N
with radius

√
N . Since (u2

i )1≤i≤N has the

same law that ((
∑N

j=1 g2
j )−1g2

i )1≤i≤N for independent Gaussian random
variables g, the asymptotics are derived by standard law of large numbers
and we find that as N−1

∑
δλi

converges towards σ(dx) = C
√

4 − x2dx
according to Wigner [29], when (E[K ′

N (u)], u ≤ T ) converges to (K(t),
t ≤ T ),
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lim
N→∞

1
N

||e−
∫ t

0
(U ′(E[K′

N (u)])I−βJ)du
x0||2 =e

−2
∫ t

0
U ′(K(u))duL(2βt)

∫
x2dµ0(x)

Hence, by (3.6), we get

K(t) = e
−2
∫ t

0
U ′(K(u))duL(2βt)

∫
x2dµ0(x)

+
∫ t

0

e
−2
∫ t

v
U ′(K(u))duL(2β(v − t))dv. (2.8)

Now, we know that all limit points are uniformly bounded by the first
subsection (at least on compact times intervals) and it is easy to see
that (2.8) has a unique solution which is uniformly bounded by a given
constant on compact sets (by a standard fixed point argument). This gives
the convergence of KN almost surely and in expectation in C([0, T ], R)
towards K, the unique solution of (2.8).

4. Convergence of KN ∈ C([0, T ], [0, T ], R). Now, again from (2.1)

KN (t, s) =
1
N

tr
((

e
−
∫ t

0
VN(u)du

x0 +
∫ t

0

e
−
∫ t

v
VN(u)du

dBv

)

×
(
e
−
∫ s

0
VN(u)du

x0 +
∫ s

0

e
−
∫ s

v
VN(u)du

dBv

))

and, as earlier, we can replace, in VN(u), KN by its limit so that

KN (t, s) � 1
N

tr
((

e
−
∫ t

0
(U ′(K(u))I−βJ)du

x0 +
∫ t

0

e
−
∫ t

v
(U ′(K(u))I−βJ)du

dBv

)

×
(
e
−
∫ s

0
(U ′(K(u))I−βJ)du

x0 +
∫ s

0

e
−
∫ s

v
(U ′(K(u))I−βJ)du

dBv

))

+ o(N−1).

It is then easy to obtain the convergence of KN (t, s) by usual law of large
numbers towards

K(t, s) = e
−
∫ t

0
U ′(K(u))du−

∫ s

0
U ′(K(u))duL(β(t + s))

∫
x2dµ0(x)

+
∫ t

0

e
−
∫ t

v
(U ′(K(u)))du−

∫ s

v
U ′(K(u)))duduL(β(2v − t − s))dv.

Since KN and E[KN ] are tight in C([0, T ]× [0, T ], R) we can conclude that
KN and E[KN ] converge towards K in C([0, T ] × [0, T ], R) which finishes
the proof.

Note that similar convergence results can be obtained when one starts
from different initial conditions provided that
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< x0, e
θJx0 > (2.9)

converges for all θ ∈ R.
For instance, if J = O∗DO with a diagonal matrix D with eigenvalues

(di)1≤i≤N so that N−1
∑N

i=1 di converges towards a probability measure σ
and O follows the Haar measure on the orthogonal group, we obtain exactly
the same type of results but with L the Laplace transform of the measure σ
(we just need that the spectral radius does not grow too fast to insure tightness
of KN and convergence of the Laplace transform N−1tr(eθJ) (this actually
improves on the hypotheses of [22] where we needed to assume additionally
that the spectral radius of J converges towards the edge of σ to use large
deviations techniques)).

If the initial conditions is taken to be an eigenvector of J for an eigenvalue
λN

i of J converging towards x ∈ [−2, 2], we find that KN converges towards
the unique solution of

K(t, s) = e
−
∫ t

0
U ′(K(u))du−

∫ s

0
U ′(K(u))du

e−β(t+s)x

+
∫ t

0

e
−
∫ t

v
U ′(K(u))du−

∫ s

v
U ′(K(u)))duL(β(2v − t − s))dv.(2.10)

If x0 follows the Gibbs measure µJ
N , we can also obtain the convergence of

(2.9) by large deviation techniques (see [22]) and hence the convergence of the
empirical covariance towards Kstat(t, s) = Kstat(|t− s|). Note that µJ

N can be
precisely analyzed in this particular model (see [22]).

The interesting point in this model is that we can exactly study the large
time behaviour of K(s, t) when t and s go to infinity. In view of (2.3), it is
governed by the asymptotics of the Laplace transform L of σ, which is given,
as well as the asymptotic behaviour of K(u) as u goes to infinity. The difficulty
here is that we not only need to find the first-order term in K(u) as u goes
to infinity but also its correction at least in the low temperature phase where
β is large (since we expect K(t, s) to exhibit a polynomial decay then). We
consider later general compactly supported probability measure σ which is
symmetric, σ(x ∈ .) = σ(−x ∈ .) (the last assumption to lighten notations).
We proved in [22] the following: Assume

U(x) =
c

2
x2

for some c > 0. Let λ∗ be the smallest real number so that σ((λ∗,∞)) = 0
(λ∗ = 2 when σ is the semi-circular law). Then,

Theorem 2.2. Let
β2

c =
c

2λ∗

∫
1

λ∗ − λ
dσ(λ). (2.11)

and assume that
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σ(λ∗ − λ ≤ θ) �θ→0 b1θ
q (2.12)

for some q > 1 and b1 > 0 (and hence βc < ∞). If σ is the semi-circular law,
(2.12) is satisfied with q = 3

2 . Then,
(A) When the initial data follows the Gibbs measure, the limiting covariance
is stationnary and given by Kstat which as the explicit form

Kstat(τ) = qEA(β) + C

∫

[−2,2]

(sβ − λ)−1e−(sβ−λ)τ
√

4 − λ2dλ

with a finite constant C, sβ = 2 for β > βc and sβ > 2 when β < βc,
qEA(β) = 0 for β < βc and qEA(β) > 0 when β > βc.
(B) When starting from i.i.d initial conditions, the unique solution K to (2.3)
satisfies

1. For β < βc, there exists δβ > 0 and cβ ∈ R
+ so that for all t, s ∈ R

+,

|K(t, s)| ≤ cβe−δβ |t−s|. (2.13)

2. For β = βc, q �= 2, t � s � 1, we have the polynomial decay

K(t, s) ∼
{

(t − s)1−q for t/s bounded
s1−ψq/2

tq−ψq/2 otherwise ,
(2.14)

where ψq = max(2 − q, 0).
3. When β > βc we get that

a) for all τ ∈ R
+,

lim
t→∞

K(t, t + τ) = Kstat(τ).

In particular,

lim
τ→∞

lim
t→∞

K(t, t + τ) = qEA(β) �= 0.

b) for all θ ∈ [0, 1],
lim

s,t→∞
s/t→θ

K(t, s) = Cθ
q
2 (2.15)

for a positive constant C.
so K(t, s) → 0 if and only if t/s → ∞.

For this simple model, the static phase transition (see [22]) happens exactly
at the same value βc. In general, one expects the dynamical phase transition
to happen before the static phase transition. For β smaller than the critical
value for the dynamics, it is expected that K(t, t + τ) converges as t goes to
infinity towards the stationary covariance. However, one should not expect
this to be true below the critical temperature in general (on the contrary to
what happens here, see (B).3.(a)).
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The idea of the proof is to remark that the asymptotics of K(t, s) are
governed by the precise asymptotics of

R(t) = e
2
∫ t

0
U ′(K(u))du

as t goes to infinity, that is by the asymptotic behaviour of K on the diagonal,
up to its second-order correction. When U(x) = c

2x2,

K(t)e2
∫ t

0
U ′(K(u))du = K(t)e2c

∫ t

0
K(u)du =

1
2c

∂te
2c
∫ t

0
K(u)du

so that the equation for K becomes, in terms of R(t) = e
2
∫ t

0
U ′(K(u))du, the

linear Volterra integrodifferential equation,

R′(t) = 2cK(t)R(t) = 2cL(2βt) + 2c
∫ t

0

R(τ)L(2β(t − τ))dτ . (2.16)

The asymptotic behaviour of solutions to such equations can then be studied
by taking the Laplace’s transform and using Tauberain’s theorem ideology.
Let us define sβ to be the unique solution of

p(s, β) =
2β2

c
s −
∫

1
s − λ

dσ(λ) = 0

when β < βc, whereas sβ = λ∗ for β > βc. Set

g(τ) = e−2βsβτR(τ) and g(z) :=
∫ ∞

0

e−2βzτg(τ)dτ

for z with strictly positive real part. Then, one deduces from (2.16) that, if
L(s) :=

∫
1

s−λdσ(λ),

g(z) =
(µ0(x2)cL(sβ + z) + β)

cp(sβ + z, β)
. (2.17)

Note that for β < βc, sβ > λ∗ (and so sβ is a simple pole of p(., β)) whereas
sβ = λ∗ for β > βc and then because of the tail of σ at λ∗ (which implies that
L([q])(z + λ∗) � azq−[q]+1),

z[q]+1−qg([q])(z) � ξ ,

where ξ = b2(β + cg(0))/(cp(λ∗, β)) �= 0. Using complex analysis (note here
that standard Tauberian Theorems are not sufficient to get such precise esti-
mates) one then deduces (see [22], Lemma 7.2) that
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R(x) �x↑∞ Cq,βx−ψe2sβx . (2.18)

with ψ = 0 for β < βc, ψ = ψq for β = βc, q �= 2, and ψ = q for β > βc and
some Cq,β ∈ (0,∞). Plugging this estimate into (2.3) yields the lemma. �
Remarks

1. Similarly, if the initial condition is taken to be an eigenvector of J with
eigenvalue converging to λ∗, we can analyze the solution of (2.10) and see
that the aging phenomenon does not appear. That is, K(t, s) → qEA ∈
(0,∞) for any β > βc, regardless of how t−s and s approach infinity. The
Edwards–Anderson parameter qEA is also the limit of Kstat(|t− s|) when
|t − s| goes to infinity, when starting from the invariant measure µJ

N .
2. The condition U(x) = 2−1cx2 could a priori be relaxed. The main difficulty

is then to show the convergence of K(t) as t goes to infinity. But once
one supposes that K(t) converges to K(∞) as t goes to infinity, it is
possible, when for instance U is strictly convex (and so U ′ is inversible) and
three times continuously differentiable, to make the following heuristics.
Consider the expansion

K(t) = A + cU ′(K(t)) + O((U ′(K(t)) − U ′(K(∞)))2).

Here, A = K(∞) − U ′(K(∞))/U”(K(∞)) and c = U”(K(∞))−1. One
then arrives at the approximate equation

A + cU ′(K(t)) ≈ e
−2
∫ t

0
U ′(K(u))duL(2βt)

∫
x2dµ0(x)

+
∫ t

0

e
−2
∫ t

v
(U ′(K(u)))I)duL(2β(v − t))dv

and so with g(t) = e
2
∫ t

0
U ′(K(u))du, and g its Fourier transform as earlier,

we deduce from (2.16) that

g(z) � (cL(z) + β)
cp̄(z, β)

(2.19)

with p̄(z, β) = c−1A+2c−1βz−L(z). Here, since the equivalence is taken
up to the second-order in K(t), g(z) is given up to its second-order in z.
From here, the arguments of the previous proof can be extended up to the
first-order correction.

3. The order parameter

K̄(t, s) = lim
N→∞

(
KN (t, s) −

( 1
N

N∑

i=1

xi
t

)( 1
N

N∑

i=1

xi
s

)
)

is a priori more natural to consider than K since it clearly measures the
long-time correlations. However, it was shown in [22], Sect. 3.6, that K̄
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is equal to K when the initial conditions are either given by the Gibbs
measure or by an eigenvector of J, and in the case of i.i.d initial conditions

K̄(t, s) = K(t, s) − µ0(x2)
L(t)L(s)√
R(t)

√
R(s)

.

Even in this case, we deduce from the asymptotics of R(t) that the long
time behaviour of K̄(t, s) is governed by that of K(t, s).

3 Spherical p-spins Model

The spherical p spins-model is described by the Hamiltonian HJp described in
(1.2) with a spherical constraint. The Gibbs measure for a mixture of p-spins
Sherrington–Kirkpatrick models can be defined by

µJ,γ
N (dx) =

1

ZJ,γ
N

exp
{
−βHγ

J (x) − NU
( 1
N

||x||2
)}

dx

for some sequence γ such that γp = 0 for p ≥ M for some finite M and a
potential U going to infinity fast enough to insure that µJ,γ

N is well defined.
To be more precise, we will assume later that the variance of Ji1...ip

is
c({i1, . . . , ip})N−p+1, where

c({i1, . . . , ip}) =
∏

k

lk! , (3.1)

and (l1, l2, . . .) are the multiplicities of the different elements of the set
{i1, . . . , ip} (for example, c = 1 when ij �= ij′ for any j �= j′, while c = p!
when all ij values are the same).

Talagrand considered recently in [20] such a Gibbs measure but with a hard
spherical constraint U(x) = +∞ if x �= 1 (more precisely by taking x uni-
formly distributed on SN−1√

N
). He obtained, at all temperature T = β−1 > 0,

the convergence of the free energy as well as a description of the limiting order
parameter

q1,2 = lim
N→∞

1
N

N∑

i=1

x1
i x

2
i

where x1 and x2 are two independent copies of x with law µJ,γ
N (but with

the same random coupling J). For technical reasons, he proved this conver-
gence under the assumption that all γi are not zero. The limiting free energy
depends on the model via the function

ν(x) =
∑

p≥1

γ2
p

p!
xp
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and the temperature (which could actually be incorporated in the γ′s). At low
temperature (i.e. large β) the law of q1,2 becomes non-trivial and depends a lot
on properties of the function ν. Following Crisanti and Sommers, Talagrand
proved in Proposition 2.2 of [20] that if φ(x) = ν′′(x)−

1
2 is convex, then the

law of q12 is at most concentrated in two points. This is in particular the case
when one considers a pure p-spins where ν(x) = xp. However, for some ν, the
law Q of q12 can charge a whole interval; following Talagrand [20], if one takes
ν(x) = β2(ch(x)− 1), for β > 1, then for q0 the unique root of φ(q0) = 1− q0

and φ′(q0) ≥ −1, Q([0, x]) = −φ′(x) for x ≤ q0. Playing with the function ν,
it is believed that spherical models can exhibit very sophisticated phase tran-
sitions (for instance, one expects appropriate mixture of 2- and 4-spins model
to exhibit the same type of phase transitions than the original Sherrington–
Kirkpatrick model).

Cugliandolo and Kurchan undertook the study of the corresponding
dynamics in [30,31] with again dynamics of the form

dxt = dBt − µN (t)xtdt + β∇Hγ
J (xt)dt

with µN (t) a parameter chosen so that E[||xt||2] = N for all t > 0. They
derived a set of equations for the limiting empirical covariance and the
so-called response function. The response function is defined as follows. Let
PN

J,h be the weak solution of

dxt = dBt − µN (t)xtdt + β∇Hγ
J (xt)dt + htdt

for a bounded adapted field h. Then, the response function for the N -particles
system is given, for s < t, by

RN (t, s) =
1
N

N∑

i=1

∂hi
s

∫
xi

tdPN
J,h(x)|h=0,

that is RN is the mean response of the system to a field perturbation. This
definition calls for a heuristic explanation. One can discuss the existence of
RN (t, s), and find an alternative definition for RN , by using Girsanov’s for-
mula. Indeed, it shows that for any adapted bounded process h with values
in R

N

∫
xi

tdPN
J,h(x) =

∫
xi

te

∫ t

0
hu.dBu− 1

2

∫ t

0
||hs||2ds

dPN
J,0(x)

≈
∫

xi
tdPN

J,0(x) +
∫

xi
t

∫ t

0

hu.dBudPN
J,0(x) + O(||h||2).

Thus, if h = hi with hi
j = 0 for j �= i and hi

i = g a bounded deterministic
function, we find that ε →

∫
xi

tdPN
J,εhi(x) is differentiable at the origin and

with derivative
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∂ε

∫
xi

tdPN
J,εhi(x)|ε=0 =

∫
xi

t

∫ t

0

gudBi
udPN

J,0(x).

This justifies that gs →
∫

xi
tdPN

J,hi(x) is differentiable, with derivative given
in the sense of distributions by

Ri
N (t, s) := ∂s

∫
1
N

N∑

i=1

xi
tB

i
sdPN

J,0(x).

Similarly, we find that ψt : g → 1
N

∑N
i=1

∫
xi

tdPN
J,hi(x) is differentiable in the

sense of distribution with
∫ t

0

RN (t, s)gsds :=
∫ t

0

∂ψt

∂gs
|g=0gsds =

1
N

N∑

i=1

∫
xi

t

∫ t

0

hudBi
udPN

J,0(x),

and so we have justified that, in the sense of distributions,

RN (t, s) = ∂s

∫
1
N

N∑

i=1

xi
tB

i
sdPN

J,0(x). (3.2)

In the following, we shall not use the interpretation of RN as a response func-
tion but rather the earlier definition. According to Cugliandolo and Kurchan,
RN (t, s) and KN (t, s) converge almost surely for all times t, s and the lim-
its R,K satisfies a system of integro-differential equations. In [23], the same
problem was considered but with a smooth spherical constraint, that is we
considered the stochastic differential system

dxt = dBt − U ′(N−1||xt||2)xtdt + ∇Hγ
J (xt)dt (3.3)

where for some m ∈ N, γj = 0 for j > m and U satisfies

inf
ρ≥0

{
U ′(ρ) − Aρm/2+δ−1

}
> −∞. (3.4)

Note here that the Gibbs measure considered by Talagrand with the hard-
sphere constraint is not reversible for the dynamics considered by Cugliandolo
and Kurchan; for that, one should rather consider dynamics on the sphere.
The dynamics considered in [23] and described by (3.3) are reversible with
respect to µJ,γ

N .
In [23], we could prove the results of Cugliandolo and Kurchan for the sys-

tem (3.3). Namely, we assumed that the initial condition x0 is independent
of the disorder J, with i.i.d entries with law µ0. We additionally suppose here
that µ0 satisfies a log-Sobolev inequality, to insure good concentration prop-
erties (see [23] for weaker hypotheses). We let χN be the integrated response
function

χN (t, s) =
1
N

N∑

i=1

xi
tB

i
s.
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Compared to (3.2), χN correspond to an almost sure version of the integral
of the response function; we shall prove that χN converges almost surely and
that its limit is differentiable, hence showing the convergence in distribution
of the response function.

Theorem 3.1. Let ψ(r) = ν′(r)+rν′′(r). Fixing any T < ∞, as N → ∞ the
random functions KN and χN converge uniformly on [0, T ]2, almost surely
and in Lp with respect to x0, J and B to non-random functions χ(s, t) =∫ t

0
R(s, u)du and K(s, t) = K(t, s). Further, R(s, t) = 0 for t > s, R(s, s) = 1,

and for s > t the absolutely continuous functions K, R and K(s) = K(s, s)
are the unique solution in the space of bounded, continuous functions, of the
integro-differential equations

∂sR(s, t) = −U ′(K(s))R(s, t) + β2

∫ s

t

R(u, t)R(s, u)ν′′(K(s, u))du, (3.5)

∂sK(s, t) = −U ′(K(s))K(s, t) + β2

∫ s

0

K(u, t)R(s, u)ν′′(K(s, u))du

+β2

∫ t

0

ν′(K(s, u))R(t, u)du, (3.6)

∂sK(s) = −2U ′(K(s))K(s) + 1 + 2β2

∫ s

0

ψ(K(s, u))R(s, u)du, (3.7)

with the initial condition K(0) =
∫

x2dµ0(x).

Note that, setting K(s) = 1 and ∂sK(s) = 0 in (3.7), while replacing U ′(K(s))
in (3.5)–(3.7) by a time varying constant z(s), corresponds to the hard spher-
ical constraint of [30]. The limiting equations of [30] are thus recovered under
the assumption that K(s) converges as s → ∞. Another way to recover exactly
Cugliandolo–Kurchan’s equations is to take a potential U = L(x − 1)2 + xm

and consider the solution (KL, RL) of (3.5)–(3.7) with such a potential. Then
we proved in [32] that these solutions converge as L goes to infinity towards
the solution of the original Cugliandolo–Kurchan’s equations which amount
to take K(s) = 1 for all s and replace U ′(K(s)) by

1
2

(
1 + 2β2

∫ s

0

ψ(K(s, u))R(s, u)du

)

in the equations for K(s, t) and R(s, t).
Outline of the proof. There are mainly two difficulties to overcome in the
p-spins model in comparison with the case where p = 2; the tightness issues
(which cannot rely on any diagonalization of a matrix), and the derivation
of the equations (the analysis of the equations for RN being completely new
since for instance they do not depend on the annealed law as studied in [17]):

– The first difficulty is that when p > 2, we cannot use any spectral analy-
sis as before. However, for tightness issues, we can still rely on known
properties of Gaussian processes [33], namely for any p > 0, if we set
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XN (x) =
∑

1≤ij≤N,1≤j≤p

J{i1,··· ,ip}x
1
i1x

2
i2x

3
i3 · · ·x

p
ip

,

we know that

X∗
N (ρ) = sup

||xi||≤ρ

|XN (x)|√
N

satisfies, for a constant κ < ∞, for all t > 0

P[X∗
N (ρ) ≥ κ + t] ≤ exp(−Nt2/κ) . (3.8)

This estimate replaces the control on the spectral radius of the matrix J
in the proof of the case p = 2 so that we can obtain tightness of KN and
RJ

N almost surely and in expectation.
– The next step is to prove the self-averaging of the quantities (KN , χN ). To

do that, we show that KN and χN are Lipschitz functions of J,B,x0 on a
set with overwhelming probability (namely where the Euclidean norms of
J,B,x0 are well bounded). This again relies on Gaussian estimates due to
(3.8) which allows to see the random field ∇Hγ

J (x) as a smooth function
of the empirical covariance of x. Once this is done, we merely rely on
standard concentration inequalities based on Herbst’s argument (which
we can do as far as the law of (x0,J,B) satisfies a coercive inequality such
as log-Sobolev inequality).

– The last, and may be most painful, step is to derive the equations. This is
much more difficult here because we have to deal with the response func-
tion. In particular, since we could not prove the tightness of the response
function RN directly, but rather of its integrated form χN , we have to do
many integration by parts to express all the equations in terms of χN ,
resulting with a loss of simplicity of the proofs.

It can be seen by integration by parts that the set of equations satisfied
by (K,R) is equivalent to the following set of equations where R has been
replaced by χ (in what follows ν has been changed into β2ν to lighten the
notations);

K(s, t) = K(s, 0) + χ(s, t) +
∫ t

0

D(s, u)du, (3.9)

χ(s, t) = s ∧ t +
∫ s

0

E(u, t)du, (3.10)

D(s, t) = −U ′(K(t, t))K(t, s) −
∫ t∨s

0

ν′(K(t, u))D(s, u)du

−
∫ t∨s

0

K(s, u)ν′′(K(t, u))D(t, u)du

+K(s, t ∨ s)ν′(K(t ∨ s, t)) − K(s, 0)ν′(K(0, t)), (3.11)
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E(s, t) = −U ′(K(s, s))χ(s, t) −
∫ s

0

ν′(K(s, u))E(u, t)du

−
∫ s

0

χ(u, t)ν′′(K(s, u))D(s, u)du

+χ(s, t)ν′(K(s, s)) −
∫ t∧s

0

ν′(K(s, u))du, (3.12)

Here, recalling we can prove that t → χ(s, t) is differentiable and so
χ(s, t) =

∫ t

0
R(s, u)du. Let us show how we derive (3.9) as well as the

equation satisfied by D.
Taking the scalar product by xs in (3.3) (once integrated between times s
and t), we obtain, with Gi

s(x) = ∂xi
Hγ

J (x),

KN (s, t) = KN (s, s) + χN (s, t) −
∫ t

s

U ′(KN (u))KN (s, u)du

−β

∫ t

s

1
N

N∑

i=1

Gi
u(x)xi

sdu.

Taking the expectation on both sides of this equality and using that the
a priori self-averaging property KN (u) ≈ E[KN (u)] we get, with K̄N =
E[KN ] and χ̄N = E[χN ]

K̄N (s, t) ≈ K̄N (s, s) + χ̄N (s, t) −
∫ t

s

U ′(K̄N (u))K̄N (s, u)du

+β

∫ t

s

E

[
1
N

N∑

i=1

Gi
u(x)xi

s

]
du.

Thus, if we set

DN (s, t) = −U ′(K̄N (t))K̄N (s, t) + βE
[ 1
N

N∑

i=1

Gi
t(x)xi

s

]
,

K̄N (s, t) ≈ K̄N (s, s) + χ̄N (s, t) +
∫ t

s

DN (s, u)du. (3.13)

Hence, we get (3.9) provided we can prove that DN converges towards D
solution of (3.11). The difficult part to estimate DN (s, t) is to see how

E
[ 1
N

N∑

i=1

Gi
u(x)xi

τ

]
for u ≥ τ (3.14)

can be expressed in terms of K̄N and χ̄N . To do so, we compute V i
τ,u =

E[Gi
u(x)|Fτ ] with Fτ the canonical filtration. Let us denote ΛN

τ the density
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of the law P
N
x0,J of (xt, t ≤ τ) with respect to the law of the solution with

β = 0, P
N
x0,0; By Girsanov formula, if Gi

s denotes in short Gi(xs), we have
the formula

ΛN
τ = exp

{ N∑

i=1

∫ τ

0

Gi
sdW i

s(x) − 1
2

N∑

i=1

∫ τ

0

(Gi
s)

2ds
}

. (3.15)

with W i
s(x) = xi

s − xi
0 +
∫ s

0
U ′(KN (u))xi

udu. Hence, with τ ≥ s, for any
bounded Fτ -measurable random variable Φ,

E
[
Gi

sΦ
]

= EJEP
N
x0,J

[
Gi

sΦ
]

= EP
N
x0,0

[
EJ

[
Gi

sΛ
N
τ

]
Φ
]

= E

[
EJ[Gi

sΛ
N
τ ]

EJ[ΛN
τ ]

Φ
]

,

(3.16)
where the right-most identity is due to the change of measure formula
Q

N
x0

= EJ(ΛN
τ )PN

x0,0 for the annealed law Q
N
x0

= EJP
N
x0,J, restricted to Fτ .

With (3.16) holding for all bounded Fτ -measurable Φ, it follows that:

V i
s = E

[
Gi

s|Fτ

]
=

EJ[Gi
sΛ

N
τ ]

EJ[ΛN
τ ]

.

Now, by standard Gaussian computations (here x is fixed and we only inte-
grate over the Gaussian variables), we see that if kij

uv = EJ[Gi(xu)Gj(xv)]
and kτ is the integral operator so that for f ∈ L2([0, τ ])N , u ≤ τ

[kτf ]iu =
N∑

j=1

∫ τ

0

kij
uvf j

vdv,

V i
s + [kτV ]is = [kτ ◦ dW ]is . (3.17)

Here, dW is seen as a semi-martingale and kτ ◦dW as a stochastic integral.
One can easily compute kij

tu(x);

kij
ts(x) := EJ

[
Gi(xt)Gj(xs)

]
=

xj
tx

i
s

N
ν′′(KN (s, t)) + 1i=jν

′(KN (s, t)) .

(3.18)
Writing for τ = max{u, s}

E
[ 1
N

N∑

i=1

Gi
u(x)xi

s

]
= E
[ 1
N

N∑

i=1

V i
s xi

s

]
,

the rest of the proof becomes (rather painful) algebra based on (3.17) and
(3.18).

The equation for R is slightly more involved, in particular to obtain a
formula for

E
[ 1
N

N∑

i=1

Gi
uBi

s

]
for s ≤ u.

I refer the reader to [23] for details.
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Once (3.5), (3.6) have been derived, the question at stake is to understand
their limiting behaviour as the time parameters t, s go to infinity.

Note that for p = 2, i.e. ν(r) = r2/2, we get from (3.5) the autonomous
equation

∂sH(s, t) = β2

∫ s

t

H(u, t)H(s, u)du , H(t, t) = 1 ,

for H(s, t) = R(s, t) exp(
∫ s

t
U ′(K(u))du), whose unique solution is the Laplace

transform of the semi-circle probability measure, H(s, t) = (2π)−1
∫ 2

−2
exp(β

(s − t)x)
√

4 − x2dx, evaluated at β(s − t). Plugging this expression in (3.5)
and (3.6), we recover the limiting equation of the previous section after some
integrations by parts. A natural question was to wonder whether the fact
that the response function was related to the Laplace transform of the semi-
circular law in the case ν(r) = r2/2 could be in some way generalized to
other ν. This question was addressed in [34] where the following surprising
remark was made; let k(t, s) = β2ν′′(C(s, t)) and consider H as earlier. Then,
H satisfies the non-linear Kraichnan equation

∂sH(s, t) =
∫ s

t

H(s, u)H(u, t)k(s, u)du, s ≥ t (3.19)

with the boundary condition H(t, t) = 1. Such an equation already appeared
in the work of Kraichnan [35] as a first term in a perturbative method to
analyze quantum-mechanical, turbulence or disordered problems. It then ap-
peared in relation with differential equations for non-commutative processes in
the works of Frisch and Bourret [36] and Neu and Speicher [37]. This last inter-
pretation goes as follows; Let (Lt)t≥0 be a process in a von Neumann algebra
A equipped with a tracial state φ. I assume that L is a centered semi-circular
process with covariance kernel k, usually constructed on the full Fock space
(see e.g. [38]). In a more intuitive way, L can be constructed as the limit of self-
adjoint large random matrices (LN

t )t≥0 with entries {(LN
t )ij , 1 ≤ i ≤ j ≤ N}

which are independent Gaussian processes with covariance N−1k. This limit
has to be understood in the weak sense that for any integer number n, any
times (t1, t2, · · · tn) ∈ (R+)n,

lim
N→∞

1
N

tr
(
LN

t1L
N
t2 · · ·L

N
tn

)
= φ (Lt1Lt2 · · ·Ltn

) ,

where tr denotes the unnormalized trace of matrices. Consider then the family
of operators Xs,t satisfying the linear differential equation

∂sXs,t = LsXs,t, s > t,

with boundary data Xt,t = 1, on the full Fock space. Then, it was shown in [36]
that H(s, t) = φ(Xs,t) satisfies Kraichnan’s equation (3.19), equation which
can easily be seen to have a unique solution (see [34]). In terms of matrices,
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H(s, t) can be seen to be the limit as N goes to infinity of trace of the solution
XN

s,t of the random linear differential equation ∂sXN
s,t = LN

s XN
s,t, s > t such

that XN
t,t = I.

In the case where ν(r) = r2/2, we recover the fact that H is the Laplace
transform of the semi-circular law since then LN

s = βJ does not depend on s
so that XN

s,t = e(s−t)βJ.
In the general case, the behaviour of H of course depends on that of

k = β2ν”(C) in a rather complicated way. Using the intuition coming from
free probability, we can derive a formula for H in terms of k by using the
analogue of Wick formula in free probability;

H(s, t) =
∑

n≥0

∫

t≤t1···≤t2n≤s

∑

σ∈NCn

∏

i∈cro(σ)

k(ti, tσ(i))dt1 · · · dt2n (3.20)

where NCn denotes the set of involutions of {1, · · · , 2n} without fixed points
and without crossings and where cro(σ) is defined to be the set of indices
1 ≤ i ≤ 2n such that i < σ(i). σ ∈ NCn when the situation i < j < σ(i) < σ(j)
does not occur.

In [34], Mazza and I studied the long-time behaviour of H being given that
of k to try to get some intuition about the equation governing the response
function. Roughly speaking, we found out that if k is stationary, under rather
general assumptions

1. If limu→∞ k(u) = 0, there exists λc(H) > 0 such that

exp(−λc(H)t)H(t) ∼ 1
2A

, t → +∞,

2. If limu→∞ k(u) > 0, there exists λc(H) > 0 such that

e−λc(H)tH(t) ∼ At−3/2, t → +∞,

for some positive constant A.

We cannot in general compute the Lyapounov exponent λc(H) except in
the case where k(u) = ce−δu. In this case, λc(H) appears to be the smallest
zero of a Bessel function. The stationary case is much simpler than the general
case because then one easily derives a formula for the Fourier transform of
H, on which analysis can be developped. However, the first-order asymptotics
(the λc(H)) can often be studied (see [34]).

Hence, we see from this study that the system (3.5), (3.6) is a rather
complicated one. However, in a work in progress with Dembo and Mazza [32]
we could study the asymptotic behaviour of (R,C) for sufficiently small β.
To do that, we first proved that the assumptions made in [34] about the fact
that k = β2ν′′(C) is uniformly bounded and non-negative is true;

Lemma 3.2. At all temperatures, the unique solution (R,K) to (27)–(29) are
non-negative functions. K is uniformly bounded above and below by positive
constants.
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This fact then can be used to show that

Theorem 3.3. Assume that β is small enough and ν′′(0) = 0. Then, there
exists δβ > 0 and A > 0 so that for all times t, s

R(s, t) ≤ Ae−δβ |s−t|, K(s, t) ≤ Ae−δβ |s−t|.

In this very high temperature regime, we can also show that the dynamics
become stationary in the sense that

lim
t→∞

R(t, t+s) = RFDT(s) lim
t→∞

K(t, t+s) = KFDT(s) lim
t→∞

K(t) = K(∞).

Further, we can describe the integro-differential equations satisfied by (RFDT

(s),KFDT(s))s≥0 which are the so-called FDT-equations introduced first by
Cugliandolo and Kurchan [30]; RFDT(s) = −2∂sKFDT(s) and KFDT is the
unique solution of the equation

X ′(s) = −γX(s) − 2β2

∫ s

0

ν′(X(v))X ′(s − v)dv. (3.21)

with X(1) = 1 and γ = f ′(X(0)) − 2β2ν′(X(0)) = −1/2.

4 Future problems

When the question of aging is adressed, it raises more questions and open
problems than solutions. Let us describe a short list later;

– The most immediate problem on which I am still working with Ben Arous,
Dembo, and Mazza is the understanding of the FDT equations at all tem-
perature and more generally the study of the limiting p-spins dynamics
in the low-temperature region. In particular, it would be very nice to
see whether the properties (ν′′)−

1
2 governs, as for the statics, the type

of dynamical phase transition of the model. This leads actually to the
much deeper following problem.

– What are the relations between the dynamical phase transitions and the
static phase transition ? This relation seems very obsceure since it is
known (according to a private communication of Cugliandolo) that glasses
dynamics are likely to stay stuck very far from their ground states, and
so should not “see” the Gibbs measure. However, in many models, the
dynamical phase transition seems to mimic properties of the statics (see the
original Sherrington–Kirkpatrick model) and below the dynamical phase
transition, the FDT solutions seems to be related with the solutions start-
ing from the invariant measure. In this direction, spherical models seems
to be a good set of models since their static has been recently analyzed
by Talagrand [20] and the limiting dynamics introduced Cugliandolo and
Kurchan have been validated by [23].
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– It would be interesting to consider true dynamics on the sphere, as far as
one would like to understand the dynamics for the hard-sphere equilibrium
measure studied by Talagrand [20]. It is actually not clear at all that it
would give similar dynamical equations.

– There are many other systems which should age, such as granular mate-
rials. It would be interesting to understand how aging appear in other
materials. In physics, a domain growth approach have been proposed to
explain aging phenomenon in some models (see [5]). It would be worth to
understand it.

– Another set of questions appears when the interaction is short range or
given by a Kac model; for the equilibrium Gibbs measure, it is still under
discussion even in physics, what should be the picture and whether the
ultrametric picture holds. The limiting dynamics for the short-range model
of the Sherrington–Kirkpatrick were derived in [39], and it is likely that
the generalization to spherical models could be derived by combining the
techniques presented in this survey and those of [39].
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Scheffer G.; Sur les inégalités de Sobolev logarithmique Panoramas et synthèse,
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Summary. We discuss a framework for understanding why spin glasses differ so
remarkably from homogeneous systems like ferromagnets, in the context of the
sharply divergent low temperature behavior of short- and infinite-range versions
of the same model. Our analysis is grounded in understanding the distinction bet-
ween two broad classes of thermodynamic variables–those that describe the global
features of a macroscopic system, and those that describe, or are sensitive to, its
local features. In homogeneous systems both variables generally behave similarly,
but this is not at all so in spin glasses. In much of the literature these two different
classes of variables were commingled and confused. By analyzing their quite different
behaviors in finite- and infinite-range spin glass models, we see the fundamental rea-
son why the two systems possess very different types of low-temperature phases. In
so doing, we also reconcile apparent discrepancies between the infinite-volume limit
and the behavior of large, finite volumes, and provide tools for understanding inho-
mogeneous systems in a wide array of contexts. We further propose a set of “global
variables” that are definable and sensible for both short-range and infinite-range
spin glasses, and allow a meaningful basis for comparison of their low-temperature
properties.

Key words: Spin glass, Edwards–Anderson model, Sherrington–Kirkpatrick
model, Replica symmetry breaking, Mean–field theory, Pure states,
Metastates, Domain walls, Interfaces

1 Local Variables and Thermodynamic Limits

In recent years, attempts have been made [1, 2] to draw a distinction bet-
ween the thermodynamic limit as a “mathematical tool” of limited physical
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relevance, and the physical behavior of large, finite systems, the real-world
objects of study. In this note we discuss why this distinction is spurious,
and show through several examples that this “tool” is useful precisely for
determining the behavior of large, finite systems. We will also discuss why
this attempted distinction has caused confusion in the case of spin glasses,
and how resolving it introduces some important new physics. For ease of
discussion, we confine ourselves throughout to Ising spin systems.

One of the incongruities of the “thermodynamic limit vs. finite volume”
debate is that true thermodynamic states are in fact measures of the local prop-
erties of a macroscopic system, while discussions of finite-volume properties –
at least in the context of infinite-range spin glasses – focus entirely on global
quantities.

Of course, traditional thermodynamics (as opposed to statistical mechan-
ics) is entirely a study of global properties of macroscopic systems. Quantities
like energy or magnetization are collective properties of all of the individual
spins in a given finite- or infinite-volume configuration. Other global measures
cannot be discussed in terms of individual spin configurations but rather
are meaningful only in the context of a Gibbs distribution (also known as
Gibbs state or thermodynamic state – we will use these terms interchange-
ably throughout). Entropy is the obvious example of such a variable. All of
these together – energy, entropy, magnetization, and the various free ener-
gies associated with them – convey only coarse information about a system
(though still extremely valuable).

What they convey little information about is the actual spatial structure
of a state, or of the relationships among different states. Even a quantity
like the staggered magnetization, which gives some information about spatial
structure, does not shed significant light on local properties.

But for real systems one often does want information about local proper-
ties. In order to analyze local spatial and temporal structures one generally
needs to employ local thermodynamic variables – for example, 1−, 2−, . . . , n-
point correlation functions. In fact, these functions taken altogether convey
all of the information that can be known about that state in equilibrium –
a Gibbs state is a specification of all possible n-point (spatial) correlation
functions, for every positive integer n.

Alternatively, one can define a thermodynamic state either as a conver-
gent sequence (or subsequence) of finite-volume states as volume tends to
infinity, or else intrinsically through the DLR equations [3]. But we will avoid
a technical discussion here in the interest of keeping the discussion focused
on physical objects. We henceforth assume familiarity with concepts such as
thermodynamic mixed state and thermodynamic pure state, which have been
used extensively throughout much of the spin glass literature, and refer the
reader who wishes to learn more to Sect. 4 of [4].

Are there any global quantities that say something about the spatial struc-
ture of a state? The answer is yes, and one in particular has proven to be
very useful in comparing different pure state structures in the infinite-range
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Sherrington–Kirkpatrick (SK) model [5] of a spin glass. The SK Hamiltonian
(in volume N) is

HN = −
(
1
/√

N
) ∑

1≤i<j≤N

Jijσiσj (1.1)

where the couplings Jij are independent, identically distributed random vari-
ables chosen, e.g., from a Gaussian distribution with zero mean and variance
one; the 1/

√
N scaling ensures a sensible thermodynamic limit for free energy

per spin and other thermodynamic quantities.
In a series of papers, Parisi and collaborators [6–9] proposed, and worked

out the consequences of, an extraordinary ansatz for the nature of the low-
temperature phase of the SK model. Following the mathematical procedures
underlying the solution, it came to be known as replica symmetry breaking
(RSB). The starting point of the Parisi solution was that the low-temperature
spin glass phase comprised not just a single spin-reversed pair of states, but
rather “infinitely many pure thermodynamic states” [7], not related by any
simple symmetry transformations.

But how were they related? To answer this question, Parisi introduced a
global quantity–exactly of the sort we were just asking about – to quantify
such relationships. The actual notion of pure “state” in the SK model is
problematic, as discussed, e.g., in [4, 10–12]. We will ignore that problem for
now, though, and assume that somehow two SK pure states α and β have
been defined. Then their overlap qαβ is defined as

qαβ =
1
N

N∑

i=1

〈σi〉α〈σi〉β , (1.2)

where 〈·〉α is a thermal average in pure state α, and dependence on J and T
has been suppressed. So qαβ is a quantity measuring the similarity between
states α and β.

We noted above that quantities referring to individual pure states are prob-
lematic in the SK model, since there is no known procedure for constructing
such states in a well-defined way. However, what is really of interest is the
distribution of overlaps, which can be sensibly defined by using the finite-N
Gibbs state. The overlap distribution is constructed by choosing, at fixed N
and T , two of the many pure states present in the Gibbs state. The probabil-
ity that their overlap lies between q and q + dq is then given by the quantity
PJ (q)dq, where

PJ (q) =
∑

α

∑

β

Wα
J W β

J δ(q − qαβ) . (1.3)

As before, we suppress the dependence on T and N for ease of notation. The
average P (q) of PJ (q) over the disorder distribution is commonly referred to
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as the Parisi overlap distribution, and serves as an order parameter for the
SK model.

Because there is no spatial structure in the infinite-range model, the over-
lap function does seem to capture the essential relations among the different
states. However, it might already be noticed that such a global quantity
would miss important information in short-range models – assuming that such
models also have many pure states. There is no information in PJ (q) about
local correlations. This is acceptable, even desirable, in an infinite-range model
such as SK which has no geometric structure, measure of distance, or notion
of locality or neighbor. But all of these are well-defined objects in short-range
models, and carry a great deal of information about any state, pair of states,
or collection of many states. This is one of the sources of the difficulties one en-
counters (see, e.g., [11]) when attempting to apply conclusions to short-range
spin glasses that were derived for the SK model.

2 Nearest-Neighbor Ising Ferromagnets

To illustrate some of these ideas in a simple context, consider the uniform
nearest-neighbor Ising ferromagnet on Zd, with Hamiltonian

H = −
∑

x,y

|x−y|=1

σxσy . (2.1)

It is natural in models such as this to take periodic or free boundary
conditions when considering the finite-volume Gibbs state. In any fixed d ≥
2, consider for T < Tc a sequence of volumes ΛL (for specificity, Ld cubes
centered at the origin) tending to infinity with, for example, periodic b.c.’s.
The Gibbs state – which, as emphasized in Sect. 1, describes behavior of the
local spin variables – converges in the infinite-volume limit to the symmetric
mixture of a pure plus state with 〈σx〉 > 0 (which, because of translation
symmetry, is independent of x) and a pure minus state with 〈σx〉 < 0. In
a similar way, one could choose to study instead a global variable, say the
magnetization per spin ML = |ΛL|−1

∑
x∈ΛL

σx. It is easy to show that this
variable has a distribution that converges in the limit to a symmetric mixture
of δ-functions at ±〈σx〉. In this case descriptions of the system in terms of
both local and global variables are interesting, and more to the point, they
agree.

But even in the simple case of the uniform, nearest-neighbor Ising ferro-
magnet this need not always be true. Consider “Dobrushin boundary condi-
tions” [13]. These are b.c.’s in which the boundary spins above the “equator”
(a plane or hyperplane parallel to two opposing faces of ΛL and cutting it
essentially in half by passing just above the origin) are chosen to be plus and
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the boundary spins at and below the equator are minus. Boundary conditions
such as these are useful for studying interface structure in spin models.

Now (below the roughening temperature) translation-invariance is lost (in
one direction), and the local and global variables disagree. The Gibbs state is
one where 〈σz〉 > 0 for z > 0 (taking z = 0 to be the equator) and 〈σz〉 < 0
when z ≤ 0. The magnitude of 〈σz〉 will depend on the value of z (though it
remains independent of the coordinates in all transverse directions). Moreover
for 0 < T < Tc there is additional dimension-dependence of the behavior of
the local variables (related to the roughening transition) which we will not
discuss here.

The magnetization global variable is no longer even interesting. Its distri-
bution converges to a δ-function at 0 at all temperatures in all dimensions. It
therefore conveys very little information about the nature of the state. One
could instead choose a more appropriate global variable that better matches
the boundary conditions, e.g., an order parameter such as

M̃ = lim
L→∞

|ΛL|−1
∑

x∈ΛL

g(x)〈σx〉 (2.2)

where g(x) = +1 if x is above the equator and −1 if below.
One might also consider a sort of “quasiglobal” variable, that looks at block

magnetizations in blocks that are large compared to the unit lattice spacing
but small compared to entire system size L. One could then examine the
“spatial” distribution of the block magnetization as the location of the block
varies through the system. Above Tc this is simply a δ-function at zero, but
below Tc one gets a symmetric mixture of δ-functions at ± limz→∞〈σz〉 for all
d. This is still not as sensitive as the actual Gibbs state, which can distinguish
between the rough and nonrough interfaces (e.g., below Tc in d = 2 compared
to T < TR in d = 3, where TR is the 3D roughening temperature) by having
a different expression for the limiting Gibbs state in the two cases.

3 Finite-Range and Infinite-Range Spin Glasses

In the case of spin glass models, we have found [10,11,14–18] a much sharper
disparity between finite- and infinite-range models than is the case for any
homogeneous statistical mechanical model of which we are aware. Consider
first the Edwards–Anderson (EA) nearest-nieghbor model [19] on Zd. Its
Hamiltonian in zero external field is given by

H = −
∑

x,y

|x−y|=1

Jxyσxσy , (3.1)

where the nearest-neighbor couplings Jxy are defined in exactly the same way
as the Jij in the SK Hamiltonian (3.1). In this model thermodynamic pure,
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mixed, and ground states are standard, well-defined (see, e.g., [4,18]) objects,
constructed according to well-established prescriptions of statistical mechan-
ics [3,20–25]. Local thermodynamic variables therefore convey in principle all
of the essential information about any state.

Global variables such as Parisi overlap functions can be defined for the
EA model as well, but are now very prescription-dependent: for the same sys-
tem, very different overlap functions can be obtained through use of different
boundary conditions, or by changing the order of taking the thermodynamic
limit and breaking the replica symmetry. Because of this, they may not convey
reliable information about the number of states or the relationships among
them. For a detailed review of these issues and problems, see [4].

Turning to the SK model, we find that a unique situation arises. Pure states
are in principle defined for a fixed realization of all of the couplings; but in the
SK model the physical couplings Jij/

√
N scale to zero as N → ∞. As a result,

there does not now exist any known way of constructing thermodynamic pure
states in an SK spin glass. It has been proposed [26, 27] that one way of
defining such objects is through the use of a modified “clustering” property:
if α denotes a putative pure state in the SK model, then one can demand it
satisfy:

〈σiσj〉α − 〈σi〉α〈σj〉α → 0 as N → ∞ , (3.2)

for any fixed pair i, j, in analogy with the clustering property obeyed by “ordi-
nary” pure states in conventional statistical mechanics. At this time though,
there exists no known operational way to construct such an α as appears
in (3.2). But even if such a construction were available, the definition of pure
states through (3.2) leads to bizarre conclusions in the SK model (see [11,28]).

Are these problems simply a consequence of infinite-range interactions?
No, because they are absent in the Curie–Weiss model of the uniform ferro-
magnet. Though physical couplings scale to zero there also, they “reinforce”
each other, being nonrandom, so one may still talk about positive and negative
magnetization states – in analogy with what one sees in finite-range models –
in the N → ∞ limit (of course, one can no longer talk of interface states). So
the unique behavior of the SK model arises (at the least) from the combina-
tion of two properties: coupling magnitudes scaling to zero as N → ∞, and
quenched disorder in their signs. (Some success has been achieved in defin-
ing states in mean-field Hopfield models – see, e.g., [29–31] and references
therein – where the correct order parameters are known a priori .)

Although individual pure states have not so far been (and perhaps can-
not even in principle be) constructed for the SK model, we have nevertheless
proposed methods, based on chaotic size dependence [32], that can detect the
presence of multiple pure states. One can then examine the nature of objects
that are analogous to states and that are defined through local variables,
using the usual prescriptions of statistical mechanics. However, an analy-
sis [11] of the properties of these state-like objects shows that they behave
in completely unsatisfactory – in fact, absurd – ways. For example, using the
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traditional definition of a ground state – or equivalently, the modified clus-
tering property of (3.2) – one can prove that (for almost every fixed coupling
realization J ) every infinite-volume spin configuration is a ground state. That
is, as N increases, any fixed finite set of correlation functions cycles through
all of its possible sign configurations infinitely many times. Of course, this
cannot happen in short-range spin glasses in any dimension, nor in any other
statistical mechanical model based on any sort of physical system.

The upshot is that global variables (like overlap distributions for the whole
system) capture interesting phenomena in the SK model, while local variables
are not so interesting there; in fact, their use can even be dangerous in drawing
conclusions about realistic spin glass models. This may be because the SK
model itself is a priori a global (or at least nonlocal) model, and does not lend
itself even in principle to any sort of local analysis.

A large body of evidence compiled by the authors [10, 11, 14–18] shows
that local variables and states in the EA model do not behave anything like
those in the SK model. The same conclusion applies to global variables in the
EA model constructed in close analogy with those from the SK model – that
is, in a way intended to convey information about states. This will be further
discussed in [28]. Consequently, we expect that attempts to derive conclusions
about the EA model in terms of local properties (i.e., pure state behavior)
from the global behavior of the SK model will not work.

4 A New Global Order Parameter for Spin Glasses?

In this section we consider an interesting speculative question motivated by a
comment of Bovier [33] that the usual description of Gibbs measures for short-
range models is inadequate for mean field spin glasses. We have presented a
large body of evidence that any quantity, describing spin glass properties and
that is derived from or based on properties of pure states, cannot connect
the behavior of short-range and infinite-range spin glasses. But can one con-
struct a new type of global variable that is meaningful for both short-range
and infinite-range spin glass models, and allows a direct comparison of their
properties? One obvious candidate is a “global” overlap function not related
to pure states; that is, rather than computing PL(q) in a “window” [4,17,18]
far from ∂ΛL, one would compute it in the entire volume ΛL. As discussed
in [4,17,18], the resulting quantity may be unrelated to pure state structure.
An analogous situation is the ferromagnet above the roughening tempera-
ture (but below Tc). Even though there are no domain wall states, employing
Dobrushin boundary conditions (see Sect. 2) will generate spin configurations
that on very large scales (say, of order L) look almost indistinguishable from
those belonging to domain wall states. But it is unclear whether doing this
generates any useful or nonobvious information.

Similarly (see [17] for a more detailed discussion) there is reason to doubt
whether a global overlap distribution would be any more useful. In the SK
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model boundary conditions are not an issue; but in short-range models,
overlaps are potentially very sensitive to them. One consequence [4, 34] of
this sensitivity is that spin overlap functions are unreliable indicators of pure
state multiplicity: they can possess a trivial structure (cf. Fig. 1d in the com-
panion paper in this volume [28]) in systems with infinitely many pure states,
and a more complicated structure [34] in systems with only a single pure state.
In particular, spin overlap functions computed in systems with quenched dis-
order can easily display complicated and nonphysical behavior that simply
reflects the “mismatch” between the boundary condition choice and the local
coupling variables. Consequently, nontrivial spin overlaps invariably generated
by a change in boundary conditions (e.g., by switching from periodic to an-
tiperiodic in spin glasses) may carry no more significance than that, say, in
the 2D Ising ferromagnet (for 0 < T < Tc) generated by Dobrushin boundary
conditions. These considerations make it difficult to believe that a spin over-
lap variable – even when confined to a window – is likely to uncover generally
useful information in short-range spin glasses.

Nevertheless, one can conceive and construct different, and possibly more
useful, global quantities that can provide useful statistical mechanical infor-
mation. Of greater interest, they can be used in principle to compare and
contrast physically meaningful behaviors of short-range and infinite-range spin
glasses. We propose here that one such set of quantities are those related to
interfaces between spin configurations drawn at random from finite-volume
Gibbs distributions at fixed L and T .

The interface between two such configurations σL and σ′L is simply the set
of all couplings that are satisfied in one of the two configurations but not the
other. An interface separates regions where the spins in the two configurations
agree from those where they disagree. We propose that the global variables
of interest are those – in particular, density and energy – characterizing the
physical properties of these interfaces.

The use of interfaces as a probe of spin glass structure is not new. Our
purpose here is to argue, based on the overall approach described in this note,
that their properties provide a significantly more natural and useful set of
global spin glass variables than the spin overlap function.

The interface density in particular has of course been studied in earlier
papers [2, 18,35–39], as the edge overlap q

(L)
e (σ, σ′) between σL and σ′L:

q(L)
e (σ, σ′) = N−1

b

∑

x,y∈ΛL
|x−y|=1

σxσyσ′
xσ′

y (4.1)

where Nb denotes the number of bonds inside ΛL. In the SK model, the edge
overlap is defined similarly, except that the sum runs over every pair of spins.

In the SK model, there is a trivial relationship between the edge and spin
overlaps. Consider two spin configurations σ and σ′ in an N -spin system; their
spin overlap is defined in the usual way as
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q(N)
s (σ, σ′) = N−1

N∑

i=1

σiσ
′
i . (4.2)

It is easy to see that

q(SK)
e (σ, σ′) =

(
q(SK)
s (σ, σ′)

)2

+ O(1/N) . (4.3)

In short-range models, including spin glasses, however, there is no simple
relationship between the two. For example, the uniform spin configuration
and that with a single domain wall running along the equator (generated, e.g.,
using Dobrushin boundary conditions on the ferromagnet at zero temperature
in dimensions greater than or equal to two) have an edge overlap of one and
a spin overlap of zero.

We emphasize, however, that the edge overlap is only one interesting quan-
tity providing information (in this case, density) about the interface. We will
argue that by itself it does not provide sufficient information to distinguish
among various interesting pictures of the spin glass phase. Other quantities,
in particular the energy scaling of the interface, are also required for a useful
description to emerge.

We can now list several reasons why the density, energy, and possibly other
variables associated with interfaces between states constitute a useful set of
global spin glass variables.

(0) (Preliminary technical point.) The quantities being studied can be clearly
defined. This is accomplished through the metastate (see Sect. 5) and
its natural extensions. As discussed elsewhere, a probability measure on
low-energy interfaces can be generated and studied through the periodic
boundary condition uniform perturbation metastate [39], while one on
higher-energy interfaces can be constructed via a modification of that
used in constructing the excitation metastate in [36].

(1) The quantities proposed are truly global; i.e., there is no need to use a
“window.” The reason for this is presented in the next point.

(2) The edge overlap, computed in the entire volume, can provide unambigu-
ous information about pure state multiplicity. This is in contrast to the
spin overlap function. A rigorous formulation and proof of this statement
(in the case of zero temperature) was provided in [18]. (The results can be
extended to nonzero temperatures by “pruning” from the interfaces small
thermally induced droplets [18, 39].) Informally stated, the theorem pre-
sented in that paper stated that if edge overlaps were space-filling (that
is, their density did not tend to zero with L), then there must be mul-
tiple pure state pairs (e.g., in the appropriate periodic b.c. metastate).
Otherwise, there is only a single pair.

It needs to be noted here that this result is restricted to boundary
conditions chosen independently of the couplings (which is always the case
in numerical simulations and theoretical computations). It is conceivable
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that appropriately chosen coupling-dependent boundary conditions can
generate “interface states,” separated by domain walls of vanishing den-
sity, as occur below the roughening temperature in Ising ferromagnets;
but no procedure for constructing such boundary conditions has yet been
found.

(3) Interface structure also provides information on thermodynamically rele-
vant nonpure state structure, in particular, the distribution and energies
of excitations. This is a potentially important use of the procedures of
Krzakala–Martin [40] and Palassini–Young [41], and is described in more
detail in [39].

(4) The scaling of the edge overlap with energy allows one to distinguish
between different scenarios of the low-temperature phase at zero temper-
ature. At zero temperature, the spin overlap function in any volume is
identical in the scaling droplet [34, 42–47], chaotic pairs [4, 10, 15–18, 32],
and RSB scenarios [1, 2, 6–9, 35] (see the companion paper [28] for a de-
tailed description of these three pictures), but the interface density and
energy, when used together, can distinguish among all of these pictures
(as well as the “KM/PY” scenario of Krzakala–Martin [40] and Palassini–
Young [41]). This is summarized in Fig. 1.

(5) The interface properties discussed here provide a means of comparing
behavior of SK- and short-range spin glasses. That is, use of interface prop-
erties allows comparison without requiring recourse to pure state notions,
which as discussed above are poorly defined in the SK model. So, while
they provide much (although not all – see below) useful information about

Energy O(1)
independent 

of L as L 8

Energy increase
without bound

Chaotic 
Pairs

Space - 
filling

Zero - 
density Scaling/DropletKM/PY

RSB

Fig. 1. (Adapted from [48].) Table illustrating the correspondence between interface
properties and different scenarios for the structure of the low-temperature phase in
short-range spin glasses
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pure state structure in short-range models, they are also well-defined in
SK models and allow for direct comparison of the two.

It should always be kept in mind, however, that ultimately the interface
variables we have been discussing discard a significant amount of important
information on local correlations; this is to be expected from any global vari-
able. These variables should therefore be viewed as providing additional useful
information to the usual local (i.e., thermodynamic) variables; it is dangerous
to view them as a replacement for those variables. Consequently, even while
providing the arguments in this section, we emphasize that interface – or
any other global–variables can play at best a secondary role in describing the
statistical mechanics of finite-range models, where well-defined state-based
quantities already exist. It is only in the SK model, where such quantities
are mostly absent, that global quantities play a more primary – perhaps the
only – role.

Throughout much of this section we referred to useful properties of a
thermodynamic object we have called the metastate. We conclude by defining
this object, which in turn enables us to return to the observation made at the
beginning of this note.

5 What are Metastates, Anyway?

We are interested in the thermodynamic behavior of large, finite systems,
containing on the order of 1023 interacting degrees of freedom. Corresponding
infinite volume limits serve two purposes. Mathematically, they enable precise
definitions of quantities corresponding to physical variables; physically, they
allow one to approximate large finite systems (usually when surface effects
can be ignored compared to bulk phenomena). They allow a deep conceptual
understanding of important physical phenomena; probably the best-known
example is understanding phase transitions in terms of singularities or dis-
continuities of thermodynamic functions. It is of course a fact that such phe-
nomena correspond to true mathematical singularities only in strictly infinite
systems, while common sense dictates that phase transitions in physical sys-
tems are quite real, and involve behavior as singular or discontinuous as can
be found anywhere in the physical world. That is precisely why infinite volume
limits are properly regarded as convenient and useful mathematical descrip-
tions of large finite systems.

When dealing with the usual sort of global variable such as energy, we see
no serious issues arising in disordered systems, nor do we expect that there
is any conceptual divergence from homogeneous systems. Thus, for example,
the calculation of the SK free energy per spin in the Parisi solution relies
completely on taking the N → ∞ limit (see, e.g., [28]). Any difficulties in-
volved are really of a technical, rather than a conceptual, nature, and they
have finally been rigorously resolved [49,50].
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It is when dealing with local variables that serious problems arise, and
here the behavior of models with quenched disorder seems to diverge dramati-
cally from that of homogeneous ones. In almost all well-known homogeneous
models, such as uniform ferromagnets, there is simple convergence, as volume
goes to infinity, to a single Gibbs state at high temperature; or to several,
related via well-understood symmetry transformations, at low temperature.
There the nature of the finite-volume approximation to the infinite-volume
limit is conceptually clear and no difficulties arise.

But what if – as has often been conjectured for finite-range spin glasses –
there are many pure states and they are not simply related to each other by
symmetry transformations? Mathematically, this means that if one looks at
a local variable, such as a single-spin or two-spin correlation function, there
exist many possible (subsequence) limits. When this happens, it is not even
immediately clear how to obtain a well-defined infinite-volume limit. This
is largely a consequence of chaotic size dependence, first demonstrated in [32]
as an unavoidable signature of many states. Briefly put, local variables, such as
correlations, will vary chaotically and unpredictably as volume size changes
(with, say, periodic boundary conditions on each volume). In fact, this chaotic
size dependence was proposed by us as a test of the presence of many pure
state pairs. Consequently, convergence of states to a thermodynamic limit is no
longer as simple as just taking a sequence of volumes of arithmetically, say, or
geometrically increasing lengths – a process that works fine for homogeneous
systems.

It turns out that such limits can be defined, but it takes a little work
[10, 14]. However, the existence of limiting thermodynamic states turns out
not to be the essential problem. As noted, such states do exist and are well-
defined; but they turn out not to contain the information needed to fully
understand the system in large finite volumes. So now there does, at first
glance, seem to be a conflict between the thermodynamic limit and behavior
in large finite volumes. But such a conclusion is premature – with more work,
not only can the two be reconciled again, but an entirely new set of concepts
and insights arises.

So we turn to the question: is it even possible in such systems to describe
the nature of large finite volume systems via a single infinite volume object,
and if so, how? The answer to the first question is yes [15], and to the second
is: by an infinite volume object that captures the nature of the behavior of
the finite systems as volume increases – i.e., by the metastate [4,10,15–17,51]
describing the empirical distribution of local variables as volume increases
without bound.

Such behavior in L is analogous to chaotic behavior in time t along the or-
bit of a chaotic dynamical system. In each case the behavior is deterministic
but effectively unpredictable. Consequently, it can be modeled via random
sampling from some distribution κ on the space of states. In the case of dy-
namical systems, one can in principle reconstruct κ by keeping a record of
the proportion of time the particle spends in each coarse-grained region of
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state space. Similarly, one can prove [10, 15] that for inhomogeneous systems
like spin glasses, a similar distribution exists: even in the presence of chaotic
size dependence, the fraction of volumes in which a given thermodynamic
state Γ appears, converges (at least along a sparse sequence of volumes). By
saying that a thermodynamic state Γ (which is an infinite-volume quantity)
“appears” within a finite volume ΛL, we mean the following: within a window
deep inside the volume, correlation functions computed using the finite-volume
Gibbs state ρL are the same as those computed using Γ (with negligibly small
deviations).

Hence, the metastate allows one to reconstruct the behavior of large finite
volumes from an infinite-volume object, which contains far more information
than any mixed thermodynamic state, such as those often used as a start-
ing point in RSB analyses. Because technical details have been provided in
several other places [10, 15], we do not repeat them here. We do however
refer the reader to [28] where we examine more closely the nature of the low-
temperature spin glass phase, from the point of view of metastates.
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8. M. Mézard, G. Parisi, N. Sourlas, G. Toulouse, and M. Virasoro,

Phys. Rev. Lett. 52, 1156 (1984)
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Summary. This paper is divided into two parts. The first part concerns several
standard scenarios for how short-range spin glasses might behave at low tempera-
ture. Earlier theorems of the authors are reviewed, and some new results presented,
including a proof that, in a thermodynamic system exhibiting infinitely many pure
states and with the property (such as in replica-symmetry-breaking scenarios) that
mixtures of these states manifest themselves in large finite volumes, there must be
an uncountable infinity of states.

In the second part of the paper, we offer some conjectures and speculations
on possible unusual scenarios for the low-temperature phase of finite-range spin
glasses in various dimensions. We include a discussion of the possibility of a phase
transition without broken spin–flip symmetry, and provide an argument suggesting
that in low dimensions such a possibility may occur. The argument is based on a new
proof of Fortuin–Kasteleyn random cluster percolation at nonzero temperatures in
dimensions as low as two. A second speculation considers the possibility, in analogy
to certain phenomena in Anderson localization theory, of a much stronger type of
chaotic temperature dependence than has previously been discussed: one in which
the actual state space structure, and not just the correlations, vary chaotically with
temperature.

Key words: Spin glass, Edwards–Anderson model, Sherrington–Kirkpatrick
model, Replica symmetry breaking, Mean–field theory, Pure states, Meta-
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1 Introduction

In this paper we consider Ising spin glass models, in particular the infinite-
range Sherrington–Kirkpatrick (SK) model [1] and the nearest neighbor
Edwards–Anderson (EA) model [2] on Zd. The SK Hamiltonian (for N
spins) is

HN = −
(
1/
√

N
) ∑

1≤i<j≤N

Jijσiσj (1.1)

where the couplings Jij are independent, identically distributed random
variables chosen, e.g., from a Gaussian distribution with zero mean and
variance one.

In a series of papers, Parisi and collaborators [3–6] proposed, and worked
out the consequences of, an extraordinary ansatz for the nature of this phase.
Following the mathematical procedures underlying the solution, it came to be
known as replica symmetry breaking (RSB). The starting point of the Parisi
solution was that the low-temperature spin glass phase comprised not just a
single spin-reversed pair of states, but rather “infinitely many pure thermo-
dynamic states” [4], not related by any simple symmetry transformations.

What is primarily of interest is the distribution of the overlaps between
two SK “pure states” [7] α and β, defined as

qαβ =
1
N

N∑

i=1

〈σi〉α〈σi〉β , (1.2)

where 〈·〉α is a thermal average in pure state α, and dependence on the
coupling realization J and temperature T has been suppressed. The over-
lap distribution is constructed by choosing, at fixed N and T , two of the pure
states α and β present with probabilities Wα and Wβ in the Gibbs state. The
probability that their overlap lies between q and q + dq is then given by the
quantity PJ (q)dq, where

PJ (q) =
∑

α

∑

β

Wα
J W β

J δ(q − qαβ) . (1.3)

As before, we suppress the dependence on T and N for ease of notation. The
average P (q) of PJ (q) over the disorder distribution is commonly referred to
as the Parisi overlap distribution, and serves as an order parameter for the
SK model.

The EA Hamiltonian in zero external field is given by

H = −
∑

x,y
|x−y|=1

Jxyσxσy, (1.4)

where the nearest-neighbor couplings Jxy are defined in exactly the same
way as the Jij in the SK Hamiltonian (1.1). In this model, and unlike in
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the SK model, thermodynamic pure, mixed, and ground states are standard,
well-defined (see, e.g., [8,9]) objects, constructed according to well-established
prescriptions of statistical mechanics [10–16].

Now suppose – as has often been conjectured for finite-range spin glasses
[17, 18] – that there are many pure states not simply related to each other
by symmetry transformations. If this is the case, it was shown in [19] that
local variables, such as correlations, will vary chaotically and unpredictably as
volume size changes (with, say, periodic boundary conditions on each volume).
Is it then even possible to describe the nature of large finite volume systems
via a single infinite volume object, and if so, how? It turns out that an object,
called the metastate [20] by the authors, can be constructed to capture the
nature of the behavior inside finite systems as volume increases. The metastate
is a useful tool that describes the empirical distribution of local variables
as volume increases without bound, and is described in more detail in the
companion paper [21] and in [8, 20, 22–25]. The seemingly chaotic behavior
with increasing volume is modeled by random sampling from the metastate,
regarded as a probability measure on the space of Gibbs states. Using the
metastate approach, we now examine more closely the nature of the low-
temperature spin glass phase.

2 The Trinity of Scenarios

There are three scenarios that have received the major share of attention
in the current literature. Here we refer only to those dealing with the pure
state structure of the low-temperature spin glass phase. Other pictures have
also received a great deal of attention, particularly the excited state sce-
nario of Krzakala–Martin [26] and Palassini–Young [27]. Proving or disproving
these or related pictures is important for achieving a thorough understanding
of the low-temperature physics of spin glasses. However, because it can be
shown [28, 29] that these pictures describe excitations that do not alter pure
state structure, their presence or absence can be logically incorporated into
any of the three pictures that we are about to describe (although on heuristic
grounds they appear incompatible with the RSB picture).

Low-temperature pictures of spin glass long-range order and broken sym-
metry start with an assumption about the number of pure states N (β, d)
(which is the same for almost every coupling realization J – see, e.g., [22]).
They assume also a putative critical (inverse) temperature βc(d) < ∞
separating a paramagnetic phase for β < βc from a spin glass phase for β > βc.
Although there is good numerical [17, 30–32] and some analytical [33, 34]
evidence that above some lower critical dimension dl

c there does exist such
a finite βc(d), there is as yet no proof or even a strong physical argument
supporting such a conjecture. Moreover, there is no logical reason why there
cannot be two or more phase transitions in some dimensions. However, we
will not attempt to enumerate all possibilities here; we will confine ourselves
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to the most likely scenarios. We defer to Sect. 4 a consideration (mostly for
the fun of it) of some of the more outlandish sounding possibilities.

The actual value of N (β, d) is not rigorously known at large β for any
d ≥ 2. There does exist a rigorous argument [35] supporting – but not com-
pletely proving – the conjecture that N (∞, 2) = 2, and a heuristic argu-
ment [36] supporting the conjecture that N (β < ∞, 2 < d < 8) ≤ 2. It is
generally assumed (but also not proved) that spin–flip symmetry is broken
for βc < β < ∞, so that pure states come in global spin–flip reversed pairs.

Given all these assumptions, pure state scenarios generally assume either
a single pair of pure states or infinitely many. Again, there is at this time no
argument proving that one cannot have, say, N (β, d) = 20; it is just difficult
to imagine why such a scenario should occur. There is, however, a reasonably
strong heuristic argument [24] indicating that if N (β, d) = ∞, it must be an
uncountable infinity (we will prove this in Sect. 3 for the RSB picture).

While an assumption about N (β, d) is the starting point for each of the
three pictures we now describe, they are each much more than a simple
assertion about the number of pure states. In particular, there are poten-
tially many two-state or many-state pictures that correspond to none of these
three scenarios. Here the only aspect of the three on which we will focus is
the relationship among the pure states.

2.1 Heuristic Description

The scenarios are, in order of increasing complexity, the scaling/droplet (SD)
picture [37–43], the chaotic pairs (CP) picture [8,9,19,20,23,24], and the RSB
picture [3–6,18]. The first is a 2-state scenario, while the second and third are
many-state scenarios. The pure state structure in these pictures is normally
described through the Parisi overlap function P (q) [18]. This function needs
to be used with great care in describing pure state structure in short-range
models; see [8,24,41] for a discussion of some of the pitfalls and problems that
can occur in its applications.

In Sect. 2.2 we provide precise definitions of the pure state structure of
these pictures; we limit ourselves here to brief heuristic descriptions. As
already noted, scaling/droplet is a two-state picture. The overlap distribu-
tion is therefore simply a pair of δ-functions at q = ±qEA, where qEA is the
Edwards–Anderson order parameter [2], regardless of whether replicas and
overlaps are taken before or after the thermodynamic limit is taken, as shown
in Fig. 1 (see especially [8,9,22] for a more detailed discussion of the difference
between the two procedures).

The CP picture considers the possibility of an infinite number of pure
state pairs, but with a trivial overlap structure: all large, finite volumes would
display an overlap structure equivalent to the SD picture because only a single
pair of pure states appears in each of these volumes. The actual pure state
pair, however, varies chaotically as volume changes because different volumes
select different members from the infinite ensemble of such pairs. The overlap
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P(q) P(q) 

P(q) P(q) 

qEA−qEA qEA−qEA

qEA−qEA qEA−qEA

q

q

q

q

(c) (d)

(a) (b)

Fig. 1. (From [9].) The spin overlap function P (q) at T < Tc for: (a) a two-state
picture when replicas are taken before the thermodynamic limit; (b) the many-state
chaotic pairs picture when replicas are taken before the thermodynamic limit;
(c) a two-state picture when replicas are taken after the thermodynamic limit;
(d) the many-state chaotic pairs picture when replicas are taken after the thermo-
dynamic limit (conjectured)

distribution for the infinite volume in the CP picture, constructed by choosing
replicas and taking their overlaps after going to the thermodynamic limit,
would then presumably be a simple δ-function at zero overlap (cf. Fig. 1).

There are actually two RSB pictures, which we have called “standard”
and “nonstandard” SK [20, 23, 24, 44]. The first chooses replicas after taking
the thermodynamic limit, and the second before. Both have nontrivial overlap
structures, which will be described in Sect. 2.2.

Before turning to that, we need to say a few words about the dimension de-
pendence of the three pictures. The only one of these with specific predictions
is the SD picture, which asserts that in every finite dimension where spin–flip
symmetry is broken, there is only a single pure state pair. The CP picture does
not make any corresponding claim; it merely asserts that if N (β, d) = ∞ at
some (β, d), then the overlap structure must be trivial in the manner specified
above. If the RSB picture correctly describes the EA model at d = ∞, then
both the SD and CP models agree that the upper critical dimension du

c = ∞
for the EA model.

The RSB picture is slightly less vague about its dimension-dependence; it
does apparently assume that there exists a strictly finite du

c for the EA model,
and that replica symmetry is broken in the nontrivial manner it specifies for
all d ≥ du

c . The precise value of du
c within this picture remains uncertain, but

it seems to be higher than two and less than or equal to three [45,46].
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2.2 Description via the Metastate

We now turn to a precise description of the three competing pictures, which
is greatly facilitated by using the metastate.

In SD, there is only a single pair of pure states, and these are the same in
every large volume; the overlap distribution function PL

J (q) in a volume ΛL

therefore simply approximates a sum of two δ-functions at ±qEA, as shown
in Fig. 1 a. In the CP picture, each finite-volume Gibbs state ρL

J will still be
approximately a mixture of a single pair of spin–flip-related pure states, but
now the pure state pair will vary chaotically with L. Then for each ΛL, PL

J (q)
will again approximate a sum of two δ-functions at ±qEA.

So chaotic pairs resembles the scaling/droplet picture in finite volumes,
but has a very different thermodynamic structure. It is a many-state picture,
but differs from the RSB picture (see below) in that only a single pair of
spin-reversed pure states ραL

J , ραL

J , appears in a large volume ΛL with sym-
metric boundary conditions, such as periodic. In other words, for large L, one
finds that

ρ
(L)
J ≈ 1

2
ραL

J +
1
2
ραL

J , (2.1)

and the pure state pair (of the infinitely many present) appearing in a par-
ticular finite volume ΛL depends chaotically on L. That is, the periodic b.c.
metastate is dispersed over many Γ’s (in fact, an uncountable infinity, as we
shall see below; this also occurs in the RSB picture), but (unlike in RSB)
each Γ is a trivial mixture of the form Γ = Γα = 1

2ρα
J + 1

2ρα
J . The overlap

distribution for each Γ is the same: PΓ = 1
2δ(q − qEA) + 1

2δ(q + qEA). It is
interesting to note that there is a spin glass model (the “highly disordered
model” [47–49]) that appears to display just this behavior in its ground state
structure above eight dimensions.

We now turn to the standard and nonstandard mean-field-like scenarios.
The standard SK picture is perhaps most concisely described in the intro-
duction of [50]. It requires a Gibbs equilibrium measure ρJ (σ) which is
decomposable into many pure states ρα

J (σ):

ρJ (σ) =
∑

α

Wα
J ρα

J (σ) . (2.2)

In this picture replicas are taken after going to the thermodynamic limit. That
is, one chooses σ and σ′ from the product distribution ρJ (σ)ρJ (σ′), and then
the overlap can be defined as

Q = lim
L→∞

|ΛL|−1
∑

x∈ΛL

σxσ′
x , (2.3)

where |ΛL| is the volume of the cube ΛL.
Suppose that σ is drawn from pure state ρα

J and σ′ from ργ
J . Then (7)

equals its thermal mean [44]
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qαγ
J = lim

L→∞
|ΛL|−1

∑

x∈ΛL

〈σx〉α〈σx〉γ , (2.4)

and so the overlap distribution PJ (q) is given by

PJ (q) =
∑

α,γ

Wα
J W γ

J δ(q − qαγ
J ). (2.5)

According to this picture, the Wα
J ’s and qαγ

J ’s are non-self averaging quanti-
ties, except when α = γ or its global flip, where qαγ

J = ±qEA. The average
P (q) of PJ (q) over the disorder distribution ν of the couplings is then a mix-
ture of two delta-function components at ±qEA and a continuous part between
them.

There is a technical problem (caused by chaotic size dependence [19])
in the construction of ρJ (σ) that can be overcome by using the periodic
b.c. metastate κPBC

J (in fact, any coupling-independent metastate would do).
One can construct [44] a state ρJ (σ) which is the average over the metastate:

ρJ (σ) =
∫

Γ(σ)κJ (Γ) dΓ. (2.6)

One can also think of this ρJ as the average thermodynamic state, N−1(ρ(L1)
J +

ρ
(L2)
J + . . . , ρ

(LN )
J ), in the limit N → ∞. It can be proved [22, 25] that ρJ (σ)

is a Gibbs state.
Numerically one constructs overlaps without constructing Gibbs states at

all. Such a construction (similar to that above) is described in [44], and leads
ultimately to the same conclusion.

But this picture can be rigorously ruled out for the EA model [44], as will
be shown in Sect. 3. So the most natural (and usual) interpretation of a mean-
field-like picture cannot be applied to short-range spin glasses. The question
then becomes: are there alternative, less straightforward interpretations? To
address this question, we constructed in [20] (see also [8,9,22–24]) an alterna-
tive mean-field-like picture, the “nonstandard SK model,” which we hereafter
refer to simply as the RSB picture. This picture clarifies as well how broken
replica symmetry should be interpreted for the SK model.

Consider again the PBC metastate, although, as always, almost any other
coupling-independent metastate will suffice. The RSB picture assumes that
in each volume ΛLi

, the finite-volume Gibbs state ρJ ,Li
is well approximated

deep in the interior by a mixed thermodynamic state Γ(Li), decomposable into
many pure states ραLi

:

Γ(Li) =
∑

αLi

W
αLi

Γ(Li)
ραLi

(2.7)

where explicit dependence on J is suppressed.
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-qEA qEA -qEA qEAq

PG1
(q) PG2

(q)

q

Fig. 2. (From [8].) The overlap distribution, at fixed J , in two different volumes
Λ1 and Λ2 in the nonstandard SK picture

As in the chaotic pairs picture, the mixed states Γ(Li) change in some
“chaotic” fashion with Li. Furthermore, each mixed state Γ(Li) is presumed
to have a nontrivial overlap distribution

PΓ (Li) =
∑

αLi
,βLi

W
αLi

Γ(Li)
W

βLi

Γ(Li)
δ(q − qαLi

βLi
) (2.8)

of the form shown in Fig. 2. Moreover, the distances among any three pure
states within a particular Γ are assumed to be ultrametric [18].

We conclude with a brief note about zero temperature. In each ΛL (with
periodic b.c.’s) there can only be a single ground state pair at T = 0 (because
we are considering Gaussian couplings rather than a ±J model). If scal-
ing/droplet holds, then this pair is the same for all large L; if infinitely many
ground state pairs exist, then the pair changes chaotically with L. In this
respect the behavior of CP is the same at both zero and nonzero tempera-
tures (below Tc), and the same can be said for SD. So the overlap functions of
CP and RSB differ only at positive temperature: the mean-field RSB picture
at T > 0 has the Γ(L) in each volume exhibiting a nontrivial mixture of pure
state pairs as in (2.7), while in chaotic pairs the Γ(L) appearing in any ΛL

consists of a single pure state pair, as in (2.1). There remains, however, an
important difference between the CP and RSB pictures at zero temperature,
in that the space-filling interfaces between ground states should have energies
that scale differently; see [8] and the companion paper in this volume [21] for
a more detailed discussion.

3 Replica Symmetry Breaking for Short-Range Models

We begin by eliminating the standard SK picture from further considera-
tion; the detailed rigorous proof appears in [44]. Using the torus-translation
symmetry of the periodic b.c.’s, one can show that the Gibbs state ρJ (σ) is
translation-covariant ; that is, ρJ a(σ) = ρJ (σ−a), or in terms of correlations,
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〈σx〉J a = 〈σx−a〉J , and similarly for n-point correlations. Translation covari-
ance of ρJ immediately implies, via (2.3)–(2.5), translation invariance of PJ .
But, given the translation-ergodicity of the underlying disorder distribution ν,
it immediately follows that PJ (q) is self-averaging, and equals its distribution
average P (q) for a.e. J . The impossibility of a non-selfaveraging PJ (q) can
also be shown for other coupling-independent b.c.’s, where torus-translation
symmetry is absent, using methods described in [35].

This leaves nonstandard SK as a maximally allowed mean-field-type pic-
ture. Before discussing its viability, we explain why neither CP nor nonstan-
dard SK remains viable if modified to have only a countable infinity of pure
states. We do this first by a heuristic argument valid for both CP and non-
standard SK, and then by a rigorous argument valid only for nonstandard SK.
The conclusion of this exercise is that both alternatives to the SD scenario of
a single pure state pair require uncountably many (i.e., a continuum of) pure
state pairs for a single fixed J .

Consider ρJ , the average over the periodic b.c. metastate κJ . Changing
from periodic boundary conditions to antiperiodic, or to any of the many
other “partially antiperiodic” boundary conditions related to periodic ones
by a gauge transformation, leaves κJ and consequently ρJ unchanged [24].
On heuristic grounds, unless ρJ is of the SD form with only a single pair of
pure states, then this lack of dependence on boundary conditions should hold
only if ρJ is a uniform mixture over infinitely many pure states ρα

J – i.e., the
relative weights of all ρα

J ’s in ρJ are equal. But that is clearly impossible if
the number of ρα

J ’s is countably infinite.
In the case of an SK-type picture, where the Γ’s appearing in the metastate

κJ involve nontrivial weights Wα
J , one can go further and prove that nontrivial

Wα
J ’s require uncountably many ρα

J ’s to appear in κJ . The argument proceeds
as follows. If there are only countably many ρα

J ’s, then the corresponding
weights (say, ordered by magnitude) in ρJ will be measurable and translation-
invariant functions of J . By translation-ergodicity, this means that they are
in fact independent of J and so remain the same if finitely many couplings Jxy

change by amounts ∆Jxy. Moreover, one can consider the finitely many α’s
corresponding to, say, the largest k weights in ρJ , and then the distribution
of their weights within the Γ’s of the metastate κJ is also independent of J .

On the other hand, this leads to a contradiction, because a Γ in the non-
standard SK metastate (see (2.7)) is a nontrivial mixture of pure states and
their weights. By the Aizenman–Wehr transformation [25], a pure state ρα

transforms to a pure state ρα′ under such a finite change J → J + ∆J , and
its weight Wα within Γ correspondingly changes according to

Wα → Wα′ = rαWα/
∑

γ

rγWγ (3.1)

where
rα = 〈exp(β

∑

〈xy〉
∆Jxyσxσy)〉α . (3.2)
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For pure states α and δ that are not identical one can find a choice of ∆J ,
with all ∆Jxy small, such that rα �= rδ . Then for all Γ’s in which Wα(Γ) and
Wδ(Γ) are nonzero, the ratio Wα′(Γ)/Wδ′(Γ) is changed from Wα(Γ)/Wδ(Γ)
by the same factor rα/rδ, that is close to 1. But this implies that J → J +∆J
will change the distribution of the weights within the metastate, leading to a
contradiction. We have thus sketched the proof of:

Theorem 3.1. The PBC metastate κJ for the EA spin glass cannot assign
strictly positive probability to Γ ’s whose pure state decompositions satisfy both:

(a) Γ =
∑

α Wα
J ρα

J , with not all Wα
J = 1/2, and

(b) over all these Γ’s only countably many ρα
J ’s appear.

An immediate consequence of Theorem 3.1, when combined with our
earlier arguments, is that the only remaining mean-field-like picture is the
nonstandard SK model with a (periodic b.c.) metastate κJ whose average ρJ
is supported on an uncountable infinity of pure states.

We cannot at this point rule this scenario out rigorously, but can provide
a strong heuristic argument, based on a rigorous result, that makes it very
unlikely. The rigorous result is the already mentioned invariance of the meta-
state [24]: two metastates constructed using gauge-related b.c.’s (e.g., periodic
and antiperiodic, or any two randomly chosen fixed b.c.’s) are identical . This
makes it difficult to see how any many-state picture can have a ρJ supported
on anything other than a uniform distribution of pure states. But if this did
occur for a particular J , an Aizenman–Wehr transformation suggests that
the uniformity would be destroyed for a finitely different J ′. (For detailed
arguments, see [24].)

Why does not this argument also rule out chaotic pairs? Because in the
chaotic pairs picture, as in scaling/droplet, there are in each Γ(L) only two
pure states (although in CP the pair depends on L), each with weight 1/2.
All even correlations are the same in any pair of flip-related pure states, so,
by (3.1) and (3.2), any change in couplings leaves the weights unchanged.

We conclude that the only viable many-state scenario for short-range Ising
spin glasses is the CP picture with an uncountable infinity of pure states. This
picture has trivial replica symmetry breaking (cf. Fig. 1) and consequently a
very simple overlap structure.

4 Wild Possibilities

In Sect. 2 we presented the most likely scenarios for the pure state structure
of the spin glass phase in short-range models. One of these, the RSB picture,
although a priori plausible, especially given its relevance to the SK model, was
rigorously ruled out in two of its possible versions and excluded heuristically
in its final remaining version. However, there are other, more exotic scenarios
that might also occur but do not seem to have been considered. Here, for the
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sake of completeness (and perhaps a little whimsy) we suggest two. In order to
keep the list of possibilities relatively constrained, we will assume in all that
(a) a thermodynamic phase transition does exist above some lower critical
dimension dl

c, and (b) in a fixed dimension the low-temperature phase does
not alternate among different scenarios, such as SD and CP, as temperature
is lowered (although the third and most exotic scenario may be regarded as a
kind of phase of extreme alternation).

4.1 Phase Transition Without Broken Spin–Flip Symmetry

As mentioned in Sect. 2, despite decades of effort and considerable numeri-
cal support [17, 30–32], there remains no proof of a phase transition in EA
spin glasses. In this section we provide a proof that shows that a necessary
(though not sufficient) condition for broken spin–flip symmetry at T > 0 is
satisfied in lattices with dimension as low as two (e.g., a triangular lattice).
We also discuss a corresponding sufficient condition. Of course, this (minimal)
symmetry-breaking is assumed in all scenarios discussed in Sect. 2; but here
we speculate on the possibility of a phase transition without the appearance of
multiple Gibbs states, and discuss why the presence of the necessary condition
(for broken spin–flip symmetry) at some (β, d) where the sufficient condition
is absent suggests just such a possibility.

Although several approaches are possible, we use here the Fortuin–
Kasteleyn random cluster (RC) representation [51, 52] extended to nonfer-
romagnetic models (see, e.g., [53]), which relates the statistical mechanics of
Ising (or Potts) models to a dependent percolation problem. We let Ed denote
the set of bonds 〈x, y〉 in some d-dimensional lattice Ld, each with correspond-
ing coupling Jxy. The RC approach introduces parameters pxy ∈ [0, 1) by:

pxy = 1 − exp[−β|Jxy|] . (4.1)

The RC distribution is a probability measure µRC on {0, 1}Ed

, that is, on 0- or
1-valued bond occupation variables nxy. It is one of two marginal distributions
(the other being the ordinary Gibbs distribution) of a joint distribution on
Ω = {−1,+1}Ld × {0, 1}Ed

of the spins and bonds together, and is given
(formally, in the infinite system) by

µRC(nxy) = Z−1
RC 2#({nxy}) µind({nxy}) 1U ({nxy}) , (4.2)

where ZRC is a normalization constant, #({nxy}) is the number of clusters
determined by the realization {nxy}, µind({nxy}) is the Bernoulli product
measure corresponding to independent occupation variables with µind({nxy =
1}) = pxy, and 1U is the indicator function on the event U in {0, 1}Ed

that there exists a choice of the spins σx so that Jxynxyσxσy ≥ 0 for all
〈x, y〉 [54–56]. U is the event that there is no frustration in the occupied bond
configuration. Finite-volume versions of the above formulas, with specified
boundary conditions, are similarly constructed.
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The mapping of this formalism to ferromagnets follows from formulae (that
do not hold for nonferromagnets) such as [57]

〈σxσy〉 = µRC(x ↔ y) , (4.3)

where 〈σxσy〉 is the usual Gibbs two-point correlation function and µRC

(x ↔ y) is the RC probability that x and y are in the same cluster. Similarly,
with appropriate RC (wired) boundary conditions used for µRC , one has

〈σx〉+ = µRC(x ↔ ∞) . (4.4)

It follows that, for ferromagnets, a phase transition from a unique (paramag-
netic) phase at low β to multiple infinite volume Gibbs distributions at large
β is equivalent to a percolation phase transition for the corresponding RC
measure.

For spin glasses (or other nonferromagnets) the situation is less straight-
forward. Now for two sites x and y, (4.3) becomes

〈σxσy〉 = 〈1x↔∞η(x, y)〉RC ; η(x, y) =
∏

〈x′y′〉∈C
sgn(Jx′y′) , (4.5)

where C is any path of occupied bonds from x to y. By the definition of U ,
any two paths C and C′ in the same cluster will satisfy

∏
〈x′y′〉∈C sgn(Jx′y′) =∏

〈x′y′〉∈C′ sgn(Jx′y′).
It is no longer evident that RC percolation is sufficient to prove broken

spin–flip symmetry. Consider the case of a finite volume ΛL with fixed bound-
ary conditions, i.e., a specification σx = ±1 for each σx ∈ ∂ΛL. For the ferro-
magnet, by first choosing all σx = +1 and then all σx = −1, one can change
the sign of the spin σ0 at the origin even as L → ∞. That is, boundary con-
ditions infinitely far away affect σ0, which is a signature of the existence of
multiple Gibbs distributions.

But for the EA spin glass, it is not clear whether, even in the presence
of RC percolation, there exist any two sets of boundary conditions with the
same effect. Although the infinite cluster in any one RC realization is unique,
different RC realizations can have different paths from 0 ↔ ∂ΛL, leading to
different signs for σ0. So percolation might still allow for 〈σ0〉 → 0 as L → ∞.

However, it is easy to see that single RC percolation is at least a necessary
condition for multiple (symmetry-broken) Gibbs phases. The contribution to
the expectation of σ0 from any finite RC cluster is zero: if a spin configuration
σ is consistent with a given RC bond realization within such a cluster, −σ
is also consistent and equally likely. As a consequence, at a (β, d) where RC
percolation does not hold, 〈σ0〉 = 0 in infinite volume. We note that a slightly
stronger version of this argument [56] proves that the transition temperature
for an EA ±J (or other) spin glass, if it exists, is bounded from above by the
transition temperature in the corresponding (disordered) ferromagnet.

Is there a modification of this approach that could lead to a proof of
multiple Gibbs phases? One such possibility is what might be called double RC
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percolation. Here one expands the sample space Ω to include two independent
copies of the bond occupation variables (for a given J configuration), and
defines the variable rxy = nxyn′

xy, where nxy and n′
xy are taken from the

two copies. One then replaces percolation of {nxy} in the single RC case with
percolation of {rxy}. It is not hard to see that this would be a sufficient
condition for the existence of multiple Gibbs phases (and consequently, for a
phase transition).

Single RC percolation for the EA ±J Ising model in d > 2 [55] has been
proved [53]. Here we sketch the outline of a proof (simpler than the one in [53])
showing that one has single RC percolation even in d = 2 – e.g., on the
triangular lattice. This is already interesting for the following reason: because
we are not aware of strong numerical evidence of multiple Gibbs states for
this geometry, this may be considered evidence that single RC percolation
can occur in spin glasses without broken spin–flip symmetry. But there is an
even more interesting potential consequence, which we will discuss below.

The proof uses a standard Fortuin–Kasteleyn–Ginibre (FKG) argument
[58] using correlation inequalities. Let EL be the edge set confined entirely
within a volume ΛL. It can be shown that there exist probability measures νL

on {0, 1}EL such that, if f({n}) and g({n}) are nondecreasing real functions
(that is, they do not decrease when any {n} → {n′}, where every nxy = 1
corresponds to n′

xy = 1, but nxy = 0 can correspond to either n′
xy = 0 or 1),

then they are positively correlated:

〈fg〉νL
≥ 〈f〉νL

〈g〉νL
. (4.6)

One measure satisfying this property is the independent product measure
[59]. Consequently, the marginal distribution (i.e., averaged over the coupling
(signs) in the ±J model) of satisfied bonds (i.e., using the “satisfaction” vari-
ables ñxy = 1 (or else 0) if Jxyσxσy > 0) at β = 0, satisfies this property.
Operationally, one can think of constructing this set by choosing the spins
first through independent flips of a fair coin, and then choosing the sign of
each bond in the same way. One then has independent, density-1/2 bond
occupation, which percolates on the triangular lattice [60,61].

Consider now the satisfaction variables ñb for β > 0. It is not hard to show
that, at any such fixed β, and for any bond b = 〈xy〉,

P (ñb = 1| {ñb′ : b′ �= b}) ≥ 1/2 + ε(β) , (4.7)

where ε(β) is a nonnegative function of β. Equation (4.7) implies that perco-
lation of satisfied bonds at finite temperature dominates (in the FKG sense)
percolation at infinite temperature. Since the RC variables nb are obtained
from the satisfaction variables ñb by a slight (for large β) dilution, it follows
that at sufficiently low (but nonzero) temperature one has single RC percola-
tion.

It is presumably the case that on the triangular lattice there is no broken
spin–flip symmetry, and also only a single Gibbs state, at all nonzero temper-
atures. But it is worth entertaining the possibility that single, but no double
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RC percolation, does imply some sort of phase transition but with a single
Gibbs state at all nonzero temperatures.

Let βc < ∞ be the inverse RC percolation transition temperature for
the EA model on the triangular lattice. Consider again the expectation of
the spin at the origin, 〈σ0〉, in a volume ΛL with plus boundary conditions.
For β < βc, the probability of the site 0 belonging to a cluster reaching the
boundary is bounded from above by c0(β)e−c1(β)L, where each ci(β) > 0 is a
finite constant. This would imply that 〈σ0〉 ≤ c0(β)e−c1(β)L.

For β > βc, however, the probability that the origin belongs to a cluster
reaching the boundary is bounded away from zero as L → ∞. In order for
no phase transition to take place, there must be at fixed β an almost exact
cancellation between those RC realizations of “positive” (in the product of the
signs of the couplings) and “negative” paths from the origin to the boundary.
It is at least conceivable that, while σ0 → 0 as L → ∞, it falls off slower
than exponentially – perhaps as a power law in L. This would imply a phase
transition from a paramagnetic phase at high temperature to a phase at low
temperature with a unique Gibbs state, but one where two-point correlations
decay as a power law: 〈σxσy〉 ∼ |x − y|−α(β) as |x − y| → ∞. This would be
analogous to the Kosterlitz–Thouless phase transition for 2D XY models [62].

4.2 Highly Chaotic Temperature Dependence

We discussed earlier [19] the correspondence between multiple Gibbs state
pairs and the appearance of chaotic size dependence of correlations in an
infinite sequence of volumes with, say, periodic boundary conditions. A pos-
sibly related phenomenon is the speculated presence in spin glasses (both
infinite- and short-range) of chaotic temperature dependence (CTD). Roughly
speaking, this refers to an erratic behavior of correlations, upon changing
temperature, on lengthscales that diverge as the temperature increment goes
to zero. CTD was predicted [39, 43, 63] for the EA spin glass within the SD
context; it also seems to be implied by the RSB theory [64–66]. More recent
numerical and analytical work (see [67] and references therein) have led to
claims that CTD is not present in either the SK or the EA model (see also [68]),
although [69] allows for the possibility of a weak effect at large lattice sizes.
A perturbative approach [70] observes a very small effect at ninth order. At
this time the issue remains unresolved. Its potential presence in spin glasses
is interesting, however, and represents a qualitatively new thermodynamic
feature of at least some types of disordered systems.

In this section we raise the possibility of a far stronger version of CTD,
which we will call highly chaotic temperature dependence (HCTD) [36]. Unlike
“ordinary” CTD, where correlations behave in a chaotic fashion as temper-
ature changes but the global pure state structure does not, in HCTD the
number of pure states in the periodic b.c. metastate does not behave in a
continuous or even monotonic fashion as temperature is lowered. This picture
departs radically from any other that has appeared so far in the literature.
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The HCTD scenario is summarized as follows. As in all other pictures,
there exists a deterministic Tc for a.e. J , such that for all T > Tc there is
a unique (paramagnetic) Gibbs state. Suppose one were now to choose an
arbitrary (nonzero) T < Tc. Then with probability one (i.e., for almost every
J ), there is again a unique infinite volume Gibbs state (though maybe not
with exponential decay of truncated correlations). Nevertheless, as tempera-
ture is lowered from Tc to 0 for a fixed typical J , there would be a (countably
infinite) dense set of temperatures, depending on J , with broken symmetric
pure phases for that J at those temperatures.

Now this scenario might be dismissed, with some justification, as the
authors’ fevered imaginings, but it should be noted that just this sort of
phenomenon does happen in other disordered systems. Consider Anderson
localization in one dimension, with the random Schrödinger operator [71]

Hω = −∇2 + V0(x) + λVω(x) , (4.8)

where λ > 0, V0(x) is a bounded potential periodic in x, and

Vω(x) =
∞∑

n=−∞
ηω

nU(x − xn) . (4.9)

In (4.9) n runs over the integers, U(x−xn) is a nonegative localized potential
centered at lattice site xn, and the ηn are i.i.d. random variables uniformly
distributed in [0, 1].

Operators of the type given by (4.8) are known to have certain properties
– see, e.g. [72]. If one first chooses a specific energy, then for a.e. realization
Vω of the random potential, that energy is part of its continuous spectrum
(i.e., is not an eigenvalue of Hω). On the other hand, if one first chooses a
specific realization Vω, then there is almost surely a (countable) dense set of
eigenvalues (in some appropriate energy interval) of Hω, and of course this
set depends on ω.

Returning to the EA model in (say) three dimensions, it is amusing to
speculate that a phenomenon like that described above for localization might
occur for EA spin glasses, as follows (a) For every arbitrarily chosen T , there
is a unique Gibbs state for a.e. J but (b) there exists a (deterministic) Tc,
such that for a.e. J , the set of temperatures T such that there are multiple
Gibbs states (e.g., with qEA �= 0) for that J is dense in the entire tempera-
ture interval [0, Tc]. By an application of Fubini’s theorem [73], property (a)
would necessarily imply that the set of such T (J )’s would have zero Lebesgue
measure in the temperature line.
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